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Abstract

We study estimation of dynamic panel data models with error cross-sectional dependence
generated by an unobserved common factor. We show that for a temporally dependent factor,
the standard within groups (WG) estimator is inconsistent even as both N and T tend to
infinity. Next we investigate the properties of the common correlated effects pooled (CCEP)
estimator of Pesaran [Econometrica, 2006] which eliminates the error cross-sectional depen-
dence using cross-sectional averages of the data. In contrast to the static case, the CCEP
estimator is only consistent if next to NV also T" tends to infinity. It is shown that for the most
relevant parameter settings, the asymptotic bias of the CCEP estimator is larger than that
of the infeasible WG estimator, which includes the common factors as regressors. Restricting
the CCEP estimator results in a somewhat smaller asymptotic bias. The small sample prop-
erties of the various estimators are analysed using Monte Carlo experiments. The simulation
results suggest that the CCEP estimator can be used to estimate dynamic panel data models

provided T is not too small. The size of N is of less importance.
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1 Introduction

Over the last decades, estimation of dynamic panel data models has received a lot of attention.
Nickell (1981) demonstrated that in dynamic panel data regressions the within groups (WG)
estimator is inconsistent for fixed 7' and N — oo. Given that the asymptotic bias may be
quite sizable in many cases relevant to applied research, various alternative estimators have been
suggested ranging from, among others, general method of moments (GMM) estimators (Arellano
and Bond, 1991; Blundell and Bond, 1998), over analytical bias corrected WG estimators (Kiviet,
1995; Bun and Carree, 2005) to a bootstrap-based bias corrected WG estimator (Everaert and
Pozzi, 2007). However, new challenges arise when it comes to the estimation of dynamic panel
data models. The recent panel data literature shifted its attention to the estimation of models
with error cross-sectional dependence. A particular form that has become popular is a common
factor error structure with a fixed number of unobserved common factors and individual-specific
factor loadings (see e.g. Coakley et al., 2002; Phillips and Sul, 2003; Bai and Ng, 2004; Pesaran,
2006).

The most obvious implication of error cross-sectional dependence is that standard panel data
estimators are inefficient and estimated standard errors are biased and inconsistent. Phillips and
Sul (2003) for instance show that if there is high cross-sectional correlation there may not be much
to gain from pooling the data. However, error cross-sectional dependence can also induce a bias
and even result in inconsistent estimates. In general, inconsistency arises as an omitted variables
bias when the observed explanatory variables are correlated with the unobserved common factors
(see e.g. Pesaran, 2006). More specifically, Phillips and Sul (2007) show that in dynamic panel
data models with fixed T" and N — oo, the unobserved common factors induce additional small
sample bias and variability in the inconsistency of the WG estimator even under the assumption
of temporally independent factors such that these are not correlated with the lagged dependent
variable. This bias disappears as T — co. Sarafidis and Robertson (2009) show that also dynamic
panel data IV and GMM estimators (either in levels or first-differences) are inconsistent for fixed
T and N — oo as the moment conditions used by these estimators are invalid under error cross-
sectional dependence.

In this paper we further analyze the impact of error cross-sectional dependence in linear dy-
namic panels. Explicit asymptotic bias formulas are derived for both the standard WG estimator,
which ignores error cross-sectional dependence, and the common correlated effects pooled (CCEP)
estimator of Pesaran (2006), which is explicitly designed to deal with unobserved common factors
in the error term. We first extend the work of Phillips and Sul (2007) by relaxing the assumption
of a temporally independent common factor. In line with their results we find that for fixed T
and N — oo the inconsistency of the WG estimator is a combination of the nonrandom dynamic
panel data bias, as obtained by Nickell (1981), and a random component induced by the common
factor in the error term. Importantly, the latter component of the inconsistency becomes nonran-

dom but does not disappear when after N — oo we also let T' — oo, denoted (N, T)seq — 00,



since the temporal dependence in the unobserved common factor implies that the error term is
correlated with the lagged dependent variable even for (IV,T")seq — co. This finding should warn
against the use of the WG estimator in cross-sectionally dependent dynamic panels even when T’
is large. Second, we extend the work of Pesaran (2006) by analyzing the asymptotic behaviour
of the CCEP estimator in a dynamic panel data setting. The basic idea of CCEP estimation
is to deal with error cross-sectional dependence by filtering out the unobserved common factors
using the cross-section averages of both the dependent and the explanatory variables. We show
that contrary to the static model, the CCEP estimator is no longer consistent for N — oo and
fixed T'. Similar to the results for the WG estimator, the inconsistency is a combination of the
standard nonrandom dynamic panel data bias and a random component which is now induced by
orthogonalising on the cross-sectional averages. The main difference is that both components of
the inconsistency disappear as we also let T'— co. As a benchmark, we also derive the asymptotic
bias of the infeasible WG estimator, which includes the unobserved factor as an observed explana-
tory variable. This infeasible WG estimator has a random inconsistency for fixed T" and N — oo
which disappears for (N,T)seq — 00. However, for the cases most relevant to applied research,
the asymptotic bias of the CCEP is bigger than that of the infeasible WG estimator. One possible
reason for this is that the CCEP estimator as suggested by Pesaran (2006) ignores the restrictions
on the individual-specific factor loadings as implied by the derivation of the cross-sectional aver-
ages augmented specification of the model. Imposing these restrictions, the asymptotic bias of the
restricted CCEP estimator is closer to that of the infeasible WG estimator.

We next analyse the small sample properties of the WG and CCEP estimators using Monte
Carlo experiments. First, the infeasible WG estimator is biased for small T, with the bias increas-
ing in the degree of temporal dependence in both the model and in the common factor. Second,
both the unrestricted and the restricted CCEP estimators have a higher bias than the infeasible
WG estimator for small values of T but the restricted CCEP estimator outperforms the unre-
stricted CCEP estimator and is not much worse than the infeasible WG estimator for moderate
T. Interestingly, the performance of the CCEP estimators is highly similar comparing N = 20
with N = 50. This shows that these estimators are not very sensitive to the size of N. Finally,
the results illustrate that the standard WG estimator, ignoring error cross-sectional dependence,
has a persistent (as N and T growing larger) bias for temporally dependent factors, is ineffi-
cient compared to the CCEP estimators and has substantially biased estimated standard errors.
Overall, the results suggest that the CCEP estimator is quite useful for estimating cross-sectional
dependent dynamic panel data models provided T is not too small.

The remainder of this paper is organized as follows: Section 2 sets out the basic model and its
assumptions. Section 3 explores the asymptotic behaviour of the naive WG, the infeasible WG and
the unrestricted and restricted CCEP estimators in a dynamic model with error cross-sectional
dependence. Section 4 adds exogenous explanatory variables. Section 5 reports the Monte Carlo

results. Section 6 concludes.



2 Model and assumptions

Consider the following first-order autoregressive panel data model
Yit = Q4 + pYit—1 + Vi, lp] <1, (i=1,...,N; t=1,...,7) (1)

with y;; being the observation of the dependent variable for the ith cross-sectional unit at time ¢.

For notational convenience we assume ;o is observed. We further assume:

Assumption Al. (Cross-section dependence) The error term vy has a single-factor structure

Vig = iy + 4, (2)
Fy=0F 1+, 0] <1, (3)

where Fy is an individual-invariant time-specific unobserved effect with p; ~ i.i.d. (0,0’3), The
N

. 1 2 2 . .
lim N Z%’ = m, being finite.

e el i=1

individual-specific factor loadings v; satisfy p
N

The restriction of a single-factor structure is for expositional purposes only.

Assumption A2. (Error condition) e ~ i.i.d. (O,J?) across © and t and independent of o, yjo

and Fs Yi,j,t,s.
Assumption A3. (Fized effect condition) a; ~ i.i.d. (O, oi) across i and independent of Fy Vi, t.

The model in equations (1)-(3) can be written in component form as

yit =y + i Fy (4a)
Yi = i+ pyity o + e, (4b)
Ft+:(1_PL)71Ft:(P+9)Ftt1_PeFtt2+ﬂt- (4c)

This component form is convenient for the proofs presented below as the components y;g and F;

are independent.

Assumption A4. (Initial conditions) Initial conditions are in the infinite past, such that the

initial observations yjo and Fy satisfy

(6] > .
yif):l_aJer]E—j, (5)
j=0
Fo=Y 0/p,. (6)
j=0

The assumptions on the initial observations will be used in deriving asymptotic bias approx-
imations for the estimators presented below, but the estimators themselves do not rely on the

specification of initial conditions.



Moreover, for the presentation of the estimators below, stacking (1)-(2) for each i yields

Yi = @i+ pyi 1 +YiF + i, (7)

/

where y; = (yi1, - ¥ir) s Yi—1 = Wioys - Yir—1)s F = (F1,...,Fr) and &; = (g1, ..., &)

3 Estimators

In this section we analyse the properties of various estimators for p in equation (1) given the error
structure in A1-A3. We start with two ‘extreme’ approaches, i.e. the naive within groups (WGn)
estimator which ignores error cross-sectional dependence and the infeasible within groups (WGi)
estimator which adds the unobserved common factor F} as an observed explanatory variable to the
model. Next, we analyse an unrestricted and a restricted version of the CCEP estimator suggested

by Pesaran (2006) and compare their properties to those of the WGn and WGi estimators.

3.1 Naive within groups

Consider the naive within groups (WGn) estimator for p in (1)

s WNDSL v My (UNT) S v M (6F 4 ) -
T /NTYSL v Moy (L/NT)S ) My

where M, = It — ¢ (/)" ¢/ and ¢ a (Tx1) vector of ones. The exact form of the inconsistency and

its large T expansion are given in the following Proposition. All proofs are in appendix A.

Proposition 1. In model (1) with errors satisfying A1-A4, the WGn estimator is inconsistent as

N —

1—p 1—p
+ =t T 1T =t 1T +
thl_FflfF_TZt:lFt andel_Tthlthl'

The inconsistency in (9) has the following asymptotic representation as (N, T)seq — 00

o (4o, (-0 mic) (L+6p) mioh\™
5@0(”“_”)_(_ T 00107 o ><”<1—0p><1—e2> ) e (0

whereA(p,T) = (1_ %l—pT>7 B(paT) = # (1_ %g'i'gg 1_pT ); ﬁt:Ft_Fa ﬁt—'—l =

Proposition 1 shows that the inconsistency of p,., for N — oo and fixed T has two sources.
The first is the standard Nickell dynamic panel data bias, which depends on the persistence
p in y; and on the time dimension 7. This can be seen by setting the error cross-sectional

dependence to zero (m2 = 0) such that equation (9) reduces to the standard Nickell bias formula



—A(p,T) /B(p,T) and equation (10) to the leading term of its large T expansion — (1 + p) /T.
The second source stems from the error cross-sectional dependence. It is apparent from equation
(9) that this part of the inconsistency is random for fixed T as 1 /T Zthl Fttlﬁt depends on
the particular realisation for F. Also letting T — o0, equation (10) reproduces the result in
Phillips and Sul (2007) that for a temporally independent factor (§ = 0) this random inconsistency
disappears. Inertia in F; (¢ # 0) results in an additional random inconsistency that, as (IV, T')geq —
00, becomes nonrandom, but does not disappear since 1 /T Zthl F;:IE does not converge to zero.
Essentially, this is an omitted variable bias as 6 # 0 implies E (y; ;—1F;) # 0 such that omitting

F; from the regression results in an inconsistent estimator for p.

3.2 Infeasible within groups

The infeasible within groups (WGi) estimator for p, including F}; as an observed regressor, is given
by
_ (L/NT) 52 v a My (L/NT) S yioa Miei

Pwe: = =p+ , (11)
Y Q/NTY SNy My (1/NT)S Yy Mpyi 1

. T Nt .
where M, = Iy — F (F’F) F' and F = (1, F).

Proposition 2. In model (1) with errors satisfying A1-A4, the WGi estimator is inconsistent as

N — o

. —A(p,T) = 3,5 P Gr
]%f)ljjc?o (pWGz - P) - ! T—1 4 1~ ﬁﬁ ’ (12)
B(p, T) 1—,2 1+2p Zt:l pPTrgRe ) + T o2 F

SRS R
where gpy = Zz:tﬂ Ts,s—t With Tss—y being the (s,s —t)th element in F(F’F) F', F =

~ ~ ! ~ ~ 2 1 T_ ﬁtﬁtt 2
(o)t =4 S0 () (1 B L),

T 24t=1 4"t %Z?:l (ﬁttl)2

The inconsistency in (12) has the following asymptotic representation as (N, T)seq — 00

2 2 2\ !
ﬁﬁg(ﬁwcz—p):—% <1+p+ M) <1+(1ilgp)2:r§> + op (;) (13)
Proposition 2 shows that the inconsistency of the WGi estimator for N — oo also has two
sources. The first is again the standard Nickell bias. The second source now stems from orthog-
onalizing on the observed factor F;. For fixed T, this induces randomness in the inconsistency as
the orthogonalisation depends on the particular realization of the process F;. Moreover, equation
(13) shows that temporal dependence in the common factor (6 # 0) also induces a nonrandom

inconsistency, which disappears as (N, T)seq — 00. The intuition for this result is that for fixed

T the transformed error term M e; in (11) is, next to being a function of the average error term



g; due to the within transformation, now also a function of the entire series F' (as represented by
gr.t) due to the orthogonalisation on F; which results in correlation with the explanatory variable
Yit—1. The denominator of equation (13) further shows that the inconsistency is smaller when
the error cross-sectional dependence is stronger as this implies more variability in the explanatory
variable y; +—1, which is induced by F;_; and is not completely filtered out by including F} as a
control variable in the regression. This additional variability is captured by the term h 7 in the

denominator of equation (13).

3.3 CCEP

The CCEP estimator suggested by Pesaran (2006) eliminates the unobserved common factors by
including cross-section averages of the dependent and the explanatory variables. Taking cross-

sectional averages of equation (1) gives
1 1 1 1 1
N Zyit = Nzai try Zyi,tﬂ + FtNZ'Yi tw ZEm
i=1 i=1 i=1 i=1 i=1
Uy =a+py, 1 +7F + &, (14)

which can be solved for F}; as

1
= %(@t — O — pYy_q — Et)- (15)
Note that
plim & = 0, (16)
N—o0
plim 7, = plim (g7 +7F") = (1 - p)~'a+7F". (17)
N—oo N—oo

Inserting (15) in (1) yields the following augmented form!

vit = i+ pyig1 + %@t — @ — Yoy — ) +

=o; + pYit—1 + 71T + V2ils 1+ Eips (18)

with v1; = 7 /7, Y2i = py1i, & = o — 71,00 and €7y = € — Y14E¢.

1See Phillips and Sul (2007) for an expression with multiple factors.



3.3.1 Unrestricted CCEP

Ignoring the restrictions on 714, y2; and o, the unrestricted CCEP estimator for p in (18) is given

by

N N *
. (L/NT) >0 yi 1 My (L/NT) > o1 yi 1 Mge;
Pccepu — N =p+ N , (19)
(L/NT)> i, Yi,—1Meyi—1 (L/NT) >, Yi,-1Meyi

where My, = Ir — G(G'G)™'G" and G = (1,G) with G = (7,7_1), T = T1s--,J7) and §_; =
(Tos - Tr_1) -

Theorem 1. In model (1) with errors satisfying A1-A4, the CCEPu estimator is inconsistent as
N — o0
T—1 4 1~
—A(p,T) =3 ' 'gh,

plim (Pecpe, — P) = 5 T_1 — 1\’ (20)
N—roo B(pv T) T 1—p2 (1 + pthl pti 9F7t>

IS I
where E}tt = ZST:tH Toey with 7, being the (s, s —t)th element in H (H’H) H', H =

~ ~ ~ ~ ~ !/ ~ ~ ~ I
(Fr B4, Fr = (B, B ) and B = (B B

The inconsistency (20) has the following asymptotic representation as (N, T)seq — 00

PR 1 0(1 — p?) 1
plim (pCCEPu - P) = 7? (1 +2p+ 1—79p +0p f : (21)

N—oc0

The implication of Theorem 1 is that the CCEPu estimator is consistent for (N,T),,, — oo
but has a different asymptotic bias compared to the WGi estimator for N — oo and T fixed. The
intuition for this is that the error term ¢;; is now orthogonalised on a constant, 7, and 7,_; with,
as can be seen from (17), the latter two converging to F;™ and Fttl respectively as N — oo. For
fixed T, this implies two differences compared to the WG estimator. First, orthogonalising on
Fttl, next to on a constant and on F;", results in extra correlation between the orthogonalised
error term and the explanatory variable y; ;1 as the latter is by construction a function of F;' ;.
As such, comparing (13) and (21), the numerator of the latter contains an extra term in p. Second,
the extra variability in the explanatory variable y; ;1 induced by F;_; is now completely filtered
out by orthogonalising on F;",. As such, stronger error cross-sectional dependence raises the
denominator in (13) but doesn’t affect (21). Further comparing (13) and (21), it is clear that both
asymptotic biases need not have the same direction and that the absolute value of the asymptotic
bias of the CCEPu estimator is not necessarily bigger than that of the WGi estimator. However,
for the majority of values for p and @, the absolute value of the asymptotic bias is larger for the
CCEPu estimator. For the most relevant case of both p > 0 and # > 0, both the WGi and
CCEPu estimator have a downward asymptotic bias. However, the downward bias of the latter
is bigger compared to the former. Thus, in these cases, approximating the unobserved F; using

cross-sectional averages of the observed data comes at the cost of a higher asymptotic bias for



N — oo and T fixed compared to a situation where F} is observed.

3.3.2 Restricted CCEP

Taking into account the restrictions on 7;;, v2; and af, the restricted CCEP estimator for p in

(18) can be obtained by minimizing the objective function

=

1

- NT
z:l

Snt (p, F — pyi—1) Mg (yi — pyi,—1) - (22)

Although F' is not observed when estimating p and similarly, p is not observed when estimating F',
we can replace the unobserved quantities by initial estimates and iterate until convergence. The

continuously-updated estimator for (p, F') is defined as

(ﬁCCEPr’ ﬁ) = argr;lin SNT (p, F). (23)
s

More specifically, (ﬁccmm ﬁ) is the solution to the following two equations

N N
N (L/NT) iy vi, 1 Mpyi N (L/NT) Y iy Y My (i F + €3) (24)
Pocrpr = = =p N )
(1 /NT)Z£1 y§7_1Fyi,—1 (1 /NT)Zizl yz{,flM}yiﬁl
~ 1/ . ~
F= % (y ~ Pecep:Y—1 — a) ’ (25)

1
where M;.ﬂ = IT—;‘ (E‘?‘) 13/ with ;’ = (L, 13) Note that the restricted CCEP estimator bears
some similarities with the continuously updated (Cup) estimator presented in Bai et al. (2009).
The difference being that the CCEP estimates the unobserved components via the cross-sectional
averages of both dependent and indepent variables, whereas the Cup estimator uses a principal

component approach.

Theorem 2. In model (1) with errors satisfying A1-A4, the CCEPr estimator is inconsistent as

N —

~Alp T)—z? T

plim (Docpp. — P) = ) (26)
N=oo B(p,T) - (1+pZt ] )
= = o /e T
where gp , = ZST:H_l Ts.s—t With Ts sy being the (s,s —t)th element in F' <F F) F.
The inconsistency (26) has the following asymptotic representation as (N, T)seq — 00
N 1 O(1 — p?) 1
! —p)=—=(1 A} —. 27
Izv?ggo(pccm p) T( tet T, ) T\ (27)



Comparing (27) and (13), the asymptotic bias of the CCEPr equals the asymptotic bias of the

2 2
WGIi multiplied by a factor (1 + (1:”76”[))20—“> > 1. This implies that the asymptotic CCEPr bias

o?
has the same direction and is bigger than that of the WGi estimator. The intuition for this is

that for fixed T, the deviation of Fy from F, is a function of F;T |, as can be seen from (A-26),

which induces extra correlation between the error term e;; and y;:—1 after orthogonalisation on

F;. Further comparing (27), (21) and (13), the asymptotic bias of the CCEPr estimator is smaller
than that of the CCEPu estimator and closer to that of the WGI estimator for the most relevant
case of p > 0 and 6 > 0.

4 Including exogenous variables

This section extends the model in (1) by including a vector of exogenous variables, x;;. Consider

the following autoregressive model
yit:ai+pyi7t71+x;tﬁ+y’ita |p|§17 (ZZl,,Na t:17,T)a (28)

with @ = (z},,... ,x{f)/ a (K x 1) vector of explanatory variables and § a (K x 1) coefficient

vector. In addition to assumptions Al - A3, we assume

Assumption A5. (x; condition) x is strictly exogenous with respect to the errors e, but allowed
to be correlated with the individual effects and common components
E(ziejs) =0, E(rioi) =03, E(xaF)=o02p, Vit js (29)

with 02, and o2 being (K x 1) vectors.

Stacking the model in (28) and (2) for each ¢ yields
Yi = a; + pyi,—1 + i+ vF + e (30)

The WGi and CCEPu estimators? for p and 3 in (30) can be written as
1 —1 Lo
- . 1’ 1 L K n
p= (NT ;yi,1Mz¢yi,1> (NT ;yi,,lMxlyi > , (31a)
1 & - 1 X
2 _ 17 1 1L o~
p= (NTZ}” m) (NT ;w (i —pyi,1)>7 (31b)

. R N I
where y;- = oYis yi%q = Mpyi,—1 and T = oti- My =1Ir—Q (Q’Q) Q' is a matrix which

2Restricting our attention to these two estimators is for notational purposes only. Derivations for the naive WG
are similar to the ones of the WGi and CCEPu. Formulae for CCEPr estimator directly follow from rewriting the
proof of theorem 2 into matrix notation.

10



orthogonalizes out both individual effects and unobserved common factors with Q = (t,Q). For
the WGi estimator Q = F while Q) = (y, y,l,f) for the CCEPu estimator with 7 = (Zy,...,%Zr)’,

_ — Ky _
Ty = (Tf,...,7) and 7} = %Zf\ilxﬁ

Next, letting N — oo, (31a) and (31b) are given by

N -1 N
. ~ . 1 12 . 1 12
plim(e-r) = (EEﬁwZi_l yz‘»—lMQMwl%’*) (EETowZi_l yz‘,—lM&)v (322)
R ;N -1 | &
lim (B —8) = — lim [ — i Mz — T Mpyy; - lim (p — p), 32b
A (NT 2 Mg ) N7 2 WMyt | plim(=p). - (320)

1

where use is made of the fact that (i) z;

;- is an exogenous variable, (ii) for the WGi estimator Q

contains F and (iii) for the CCEPu estimator

F=Z(-a—-pj,-76-3),
5
with plimy_,. € = 0 such that for N — oo the factor F' is eliminated by orthogonalising on
(g, y_l,i) and a constant.
Adding an additional vector of exogenous explanatory variables to our original model (1) has
little implications with respect to our earlier findings. For plimy_, (P — p), (32a) indicates that
an additional, positive term is added to the denominator. This follows directly from rewriting

model (28) to its compontent form
-1
Y =y B,y =i+ pyio,tfl +viF +en, a=0-pL)" i, (33)

where ¢!, is equivalent to the model described by (1), and inserting it into the denominator.
This will lessen the degree of the bias. The numerator of the CCEPu estimator for (28) differs
slightly from the one given by (20) due to the fact that Z; is added to the orthogonalisation matrix
MQ. The corresponding expansion for 7" — oo of this matrix will depend on the specification of
z¢. Turning to the asymptotic behaviour of plimy_, . (8 — 5), equation (32b) reveals that the
inconsistency depends (i) on the asymptotic behaviour of (p — p) and (ii) on the relationship

between the exogenous variables ;; and y; 4.

5 Monte Carlo simulation

In this section we investigate the small sample properties of the WGn, WGi, CCEPu and CCEPr
estimators under error cross-sectional dependence. We are interested in the effects of (i) the extent
of error cross-sectional dependence, (ii) the degree of inertia in both the dependent variable and the

factor and (iii) the relative importance of the variance of the factor loadings and the idiosyncratic

11



€rrors.

5.1 Experimental design

The data generating process we consider is given by

Yit = 0 + pYit—1 + Bri + viFy + €,
Tip = Oy + wit, (34)
Fy=0F 1+ pg,

with e, wi and gy randomly drawn in each replication from i.i.d.N (0,0.), i.i.d.N (0,0,) and
i.i.d.N (0, 0,,) respectively and ~; and ¢; drawn from ¢.0.d.U [yr,vy] and i.i.d.U [¢r, ¢u] respec-

tively. We initialise y; —49, ®; _49 and F_49 at zero and discard the first 50 observations.

When comparing the estimators over different values of the dynamic parameters p and 6, we
wish to control (i) the signal-to-noise ratio, (ii) the relative importance of the error components
(i, viFy, €i) in terms of contribution to the variance of y;; and (iii) the relative importance of
factor loading heterogeneity 7y; in the overall error cross-sectional dependence m?/. To this end,
similar to Sarafidis et al. (2009) we extend the Monte Carlo design of Kiviet (1995) by allowing a

factor structure in the error process. First note that the total variance in y;; is given by

1 2 1+6 2m2 + m?2 1
Var(yir) = ol + g o) ( PN mg i on + oZ,
(1—-p)? 1-p? (1=p)A=62)(1—pb) *  1—p?
= a102 4 ax B0 + (lQCLgO’Z + azo?, (35)
1 1 (14+0p)(B°mE+m2) . 2 1 2
where a; = W’ a2 = 1,2 and a3 = W with m¢ = ]I\?li}i N ;d)z The terms

on the right hand side of (35) capture the contributions to the variance of y;; of the individual
effects, the exogenous variable, the common factor and the idiosyncratic error term respectively.

As such, we can control the relative importance of

e the individual effects and the idiosyncratic error term by setting ¢

Y =

a0’

e the common factor and idiosyncratic error term by setting 1),

e the mean % and the variance o2

% of v; within the overall degree of error cross-sectional

12



dependence m?2 by setting 3°

2 2
i i

= = . 38

¥s 7+ o2 m% (38)

After applying the normalisations o2 = O’Z =1,8=1—p, (¢r,0v) = (0,1) (implying mi =1/3),
for given values of p and 6 the values for o2, m2 and (yz,7yy) follow from (36), (37) and (38)
respectively.

We further define the signal, 02, as the amount of variance in y;; induced by information

contained in y; 1~ and z;

0% = Var (yu — a; /(1 p) = viFr — =) (39)
_57203) L+ 0p)(B?mG +m3) — mi \ o2, (40)
=% T\ -—ei—tp) 1-¢) % T

The signal-to-noise ratio is then given by & = 02/ O’,2ﬁ Fiie,, - Setting € to a specific value, allows us
to calculate o2.

We conduct experiments for combinations of the following parameter values: p € {0.4;0.6;0.8},
6 € {0;0.4;0.8}, ¢9 € {0.5;1;2}, 13 € {0.4;0.8} and 5 € {3;10}. ¢y is set fixed at 1. Experiment
1 serves as a point of reference and has the following settings: p = 0.6, 3 = 04, § = 0.4,
E=3, Y1 =1, ¢ =1, 3 = 0.80 and £ = 3. The other simulations assess the impact on the
small sample properties of the estimators for (i) a higher persistence in both y;; and the common
factors, (ii) different degrees of error cross section dependence, (iii) the degree of heterogeneity
of v; and (iv) a change in the signal-to-noise ratio. T and N respectively take the following
values:{5;10;20;30;40;50} and {20;50}. The estimators are compared in terms of (i) mean bias
(bias), (ii) mean estimated standard error (stde), (iii) standard deviation (stdv) and (iv) root

mean squared error (rmse). All experiments are based on 5000 iterations.

5.2 Simulation Results

The simulation results can be found in the tables in appendix B. Table 1 reports the results for
the benchmark experiment. With respect to estimating p, the following conclusions stand out.
First, the WGn estimator is biased for all combinations of NV and T, with the bias being negative
for small T and positive for larger values of T'. This switch in sign is due to the fact as T" increases
the Nickell part of the bias, which is negative, diminishes whereas the positive bias originating
from the unobserved common components does not. Second, for small values of T the bias of
the WGi estimator is highly similar to that of the WGn estimator but as T increases, this bias
shrinks to zero. Third, the CCEP estimators both have a considerably larger bias compared to
the WG estimators for small values of T' but CCEPr clearly outperforms CCEPu. For both CCEP

3Setting 13 to one results in a homogeneous time-effect.

13



estimators the bias diminishes as T increases and is more or less comparable to that of the WGi
estimator for T = 50. Fourth, looking at the standard deviations, the WGi estimator is clearly
more efficient than the other estimators. Also note that for small values of T', the WGn estimator
has smaller standard deviations compared to the CCEP estimators but the CCEP estimators
become more efficient when T increases and even have standard deviations that are not much
bigger than the WGi estimator for 7' = 50. Fifth, in terms of estimated standard errors, all
estimators substantially underestimate the true standard deviations for small T'. For larger values
of T, estimated standard errors converge to the true standard deviations for the WGi and CCEP
estimators but not for the WGn estimator. Turning to the estimates of 8, a small bias is found for
T =5 for all estimators. This bias disappears as T increases for the WGi and CCEP estimators
but again not for the WGn estimator. Finally, note that the size of the cross-sectional dimension
N does not affect the size of the bias for any of the considered estimators, i.e. in all of the
experiments there is virtually no difference between setting N = 20 or N = 50. Therefore, when
analysing deviations from the benchmark experiment in Tables 2-6, we only report simulation
results setting N = 50 4.

Tables 2 and 3 demonstrate that higher persistence in y;;, by increasing either the persistence
in the model through the dynamic coefficient p or the persistence in the common factor through the
coefficient 0, results in a larger downward bias for all estimators. Especially the CCEP estimators
are strongly downward biased when 6§ = 0.8 and T is small. Table 4 shows that a higher degree
of error cross-sectional dependence (governed by ts), reduces the small T bias of all estimators.
For a larger value of T, the bias of the WGn estimator increases though. Table 5 shows that the
heterogeneity in the error cross-sectional dependence (keeping overall heterogeneity fixed) does
not affect the size of the bias. Table 6 illustrates that the stronger the signal contained in the

explanatory variables, the smaller the small sample bias is.

6 Conclusion

This papers examines the effects of error cross-sectional dependence, modelled as an unobserved
common factor, on WG and CCEP estimators in a linear dynamic panel data model. In general,
the asymptotic behaviour as N — oo of each estimator stems from two sources: the well known
Nickell dynamic panel data bias and a random asymptotic bias which depends on the particular
realisation of the unobserved common factor. First, in line with Phillips and Sul (2007), we find
that the naive WG estimator is inconsistent for N — oo and T fixed. For a cross-sectionally
dependent factor, the inconsistency remains even for (N,T)seq — 00. Second, contrary to the
findings in Pesaran (2006) for a static model the unrestricted CCEP estimator is inconsistent
for N — oo and fixed T. For a relevant range of parameter combinations, the asymptotic bias

is larger compared to the infeasible WG estimator. Restricting the CCEP estimator by taking

4The simulation results for N = 20 are available upon request
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into account the restrictions on the individual-specific factor loadings as implied by the derivation
of the specification of the model augmented with cross-sectional averages results in a somewhat
smaller asymptotic bias. Letting (N, T)seq — 00, both the unrestricted and the restricted CCEP
estimators are consistent. The small sample properties of the various estimators are analysed
using Monte Carlo experiments. The simulation results confirm the breakdown of the naive WG
estimator under error cross-sectional dependence and shows that the performance of the CCEP

estimators is not that different from the infeasible WG estimator provided T is not too small.
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Appendices

Appendix A Proofs
Lemma A-1.

Under Assumption Al and A4 we have from (4c)

X =E(F)? = (p+0) A — pbrs + 02,
M =E(FF") = (p+6) Ao — pbAs,
A =E(FrFL) =(p+0) A1 — pAs_2, Vs >2 (A-1)

which can be solved to obtain

Ao = 1+ 6p o2,
(1—0p)(1—0—p+0p)(1+0+p+0p)° "
Rl o
o e ek A
Next, using that Fy = F;" — pF{", we have
E(FFf) =E(FF) —pE(F) =M —pho = W‘M”Z (A-4)

Proof of Proposition 1. Suppose Assumptions Al-A4 hold, then:

ol (e — p) = plim VTV ZE VM, (4F + 20
N—o0 wen N—o0 (1 /NT)Zleé 71M Yi,—1 ,

N T T 1 I
plim (1/NT) ZZ yzt 1+ 1) <Ft TZ ) (&t TZ&&)]
s=1 s=1

N—oo i=1 t=1

N T
plim (1 /NT) ZZ [(y:t1 - 1112%—21) + 7 (Fttl — ZI“ZF:J)
s=1

N —oo i—1 t—

- - (A-5)

with Fy = F, = F, F;" = F;" = F |, F=L>7 Fand F , = LY FF .
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Next, letting T' — oo and using Lemma A-1, we have

— 2 9 9 ,
%Z (Ff -FL) =EB(FL) +0, (&) =0 ) (igf) T 7%+ O (\;T) ,
72 (FLF - FLF) = B (FLF) + 0, (H - aep;MU +0p <¢1T> '

Thus, the inconsistency in (9) has the following asymptotic representation as (N, T)geq — 00

1 11-p7 m?2 9 2
i (5 3 T (1 — T ) 15 ((1—9p><1—02)% top (1))
Jgirilo (Prven =) = 1 Ll4p 4 2p 1-pT 7™ 1+6p 2 1
T T, T 17 +153 (o= % T o0 ()

¢

p
—1
1—02)0 2 2 2 2
_<1+p+ _( 2) m”g“><1+ 1+ 6p) m”"“) +0, (1).

)

(1—0p)(1—67) o2

Proof of Proposition 2. First, under Assumptions A1-A4 the probability limit as N — oo of

the numerator of equation (11) is given by

N N T T
. 1 , . 1 _ ~ _
Py 2 v M = plim g D D v [( ~E) = e - >] ,

i=1 t=1
1 I | X 1 I T | X
=7 > 1131_1210 N Z Yit-1€it — 7 > (1 -y Tst> ng_lglo ~ Z Yit—1Ei
t=1 i=1 t=1 s=1 i=1
1 1
T t:zl 2 Tst ]Iglirilo N ; Yit—1€is, (A-6)
where 7y = F,F, /23:1 ﬁf. Using
| X
Iglim N Zyi,t—1€i,t—s =oZp*! Vs > 1, (A-7)
—oe =1
=0 Vs <1, (A-8)
the first term of (A-6) drops and the last term rewrites to
1 I | X ] Tl | Tt
L5 0 IR IS 3 MITEUL L 3 3 PV
N—o0 -
t=1 s=1 i=1 t=2 s=1 t=2 s=1
L (T T T
= —Ugf (Z Tot1+pY a2+ PP Tzt + pT_Q?TJ) ;
t=2 t=3 t=4
= T | 71
=022 PN Y Fes=02n D 0 g (A-9)
t=1 s=t+1 t=1

~ T ~ T ~ ~ T 79
where grt = ZS:t+1 Ts,s—t = Eszt+1 FsFs_t /Zt:l Ft :
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The second term is given by

N T =~ T =
1 1 1 o2 F> . Fs
TE( ; )N%ON; T“*P; Do B
T
1 o2 i1 1[e? 1 1-pT
- 1— e e .
T21—p;( ) T|T1-p 1—p ||’
1
= 702 A(p.T), (A-10)

Using (A-7) - (A-10), equation (A-6) can be written as

N T-1
. 1 / Ug 2 1 t—1~
Jggﬁﬁ;%,ﬂ]\/[p& = *?A(PvT) 0T ;P gFt- (A-11)

Second, the probability limit as N — oo of the denominator of equation (11) is given by

N N T T
1 1 _ _ _
plim ;yé,—lMpyz’,—l = plim 7= ; ;ym—l (Yie—1 — T 1) — ;Tst (Yis—1 = Ti1) | »

. 1 T , - . 1 XIT
= }\?1_120 ~NT ZZ [yi,tfl - yi,tflyi,fl] - El_lglo NT Z Z ZTstyi,tqyi,sq

1 N T T
+ JI\?I_lglo ﬁ Z Z Z 7~'styi7t—lyi,_1a

i=1 t=1 s=1
1 £l 1 N 1 T T 1 N
T t N ; — Yit—1Y; Gl Ns li ~ i, t—1Yi,s—
T ;}33}; N ; [yz,t—l Yit 11/1,—1] T t:Zlé;TtEirilo N ;y t—1Yi,s—1
1 T 1 N
+ = Ter Plim — it 1T 1- ALo
T;s:l tll\[f)—moN;y’t 1Yi,—1 ( )
The first and second term can be written as
! 3 ! 3 1 d 1 N 2 + 12
. 2 R _ 1 1 P T =
T ;Egﬂﬁ ; i1 = Yit1Ys 1] = T ;Elj{i N ; Wi =T 1]+ [th F_l} ,
2T -1 1 2p 11-p7 1 Z N
- £ 1— = 2 - |:F+ . F :| 7
Tl_pQ[ T—11-p Tl—pHer”T; o '
1z
= T BT +mig Y (Fr) (A-13)
t=1
and

N
1 1
plim — E Yit—1Yi,s—1 = plim N E (y;,rt_l +7F ) (y;,rs—l +F),

N—oco N - N—o00 —
=1 i=1

N —oc0

N N
o1 o1
= plim N E y;,rtqy;fs,l + plim N E VP F FE,
i1 N—oo =1
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so2 +miFE FE. (A-14)
— p?

The last term in (A-12) can be dropped since

T N
T ZZ Ter Plim — Zyzt 1Wi—1 = =7 Z:: (F%:Z:Sl ;5 ) plim ;gyi,t_wi,_l =0.

Thus, equation (A-12) can be written as

1
phmfg Yi 1 Mpyi
NI NT &

o2 1 2 1 & _ [ plt=sl
SRR MG D ) SN (e TR A
t=1 t=1 s=1
o2 [1-p? I . 1 SN T A
= 7 (B = 30w T e (230 (FR) - 5 A F )
—p
t=1 s=1 t=1 t=1 s=1
2 12 1z T t-1 B
= 1_5p2 T B(p,T)* f;Ttt+2pT;;Ttt gp +
T = T 3
mzlz <ﬁ+ )2 1_ S e FL Y F (F)
vy t—1 ~ ~ 2 ’
o= 23:1 F? 23;1 (Fttl)
) ) T-1
O ]‘7p 1 t—1~ 27
- B(p,T)— = [1+2 h A-1
1—p2< 7 B T) T( i ptzzlp gre | | +myhE, (A-15)
where
;o 2
T (Zt:l FtFttl)
Z(Ft+1)

T zowT (4 )
Zt:l FE Y (Ft—tl)
Dividing (A-11) by (A-15) yields the result in equation (12).

Next, letting T' — oo

grt = T (E (FeFot) + 0 (%)) = T_tet + 0, ( 1 ) ;

E(F?)+ 0, (Jr) T T
7 + 2 _ E(FtFt+1)2 1
s ) (st ) o )

o ()
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where use is made of lemma A-1. Hence, as (N, T)seq — 00

T-1

> e = Zpt W o () =9:1 <pe>t‘1—;}j__jt<pe>t+op (7).
S (Rt ) o ()
:1_90p [1 ;ﬁ%op(\}f):lfﬁ/ﬁop(). (A-16)

Thus, for (N, T)seq — o0 equation (12) is given by

PN 1 —A(p,T) — _Lgp +o0p (1)
plim (P — p) = T

N—oc0

)

11 1
1—p? 71 (1 + 201 99) + (1-0p)*(1—p2?) 02 +0p( )

—1
1 6 (1-p?% m2 o 1
= T <1+p—|—19p 1+m0? + 0p <T> (A—l?)

Proof of Theorem 1. Using (16) and (17), the probability limit as N — oo of the numerator of

equation (19) equals

1 N

N
1
/ * 3 / s~
Jggrgo NT gl Yi 1 Myel = ngir;qo NT i:E 1 Yi—1 Myei, (A-18)

with My, = Iy — H (H'H) H H= (¢, F¥,F*)). Similar to the derivation of (A-11), (A-18)

rewrites to

N T
1
lim — Mye; = plim — (it — &) — T (eis — &
}\?E?ONTZZ/“* HEi }v)f?o 2 1;ym 1| (et — &) ;Tét is —Ei) |
1 T T N
- 772 phm 7Zy1t 151 ZZ Tst phIn 7Zy1t 1€is,
DN N oo
U? t—1~+
== 7 TZP (e (A-19)
~ T ~
where g, =Y, T, and
- 1
7r = (ole Ff — o, F |+ asF (FY | — G F F ) (A-20)
Qo

2 2
. ~ ~ ~ ~ o~ T ~ - T == . T ~
with &g = aqaz — a3, o =y, (F{tl) yao =Y, FFf andas =Y, (Fﬁ') .

Second, as (17) implies that for N — oo MsFt = 0 such that My, 1 = MGy;f_l, the
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probability limit as N — oo of the denominator of equation (19) is given by

EE}&)WZ% 1 Meyi—1 = pl_lgloﬁzy’_l Gyz -1

| N
+ ng_lglc NT Z Z Z’F;ty;,rt—lyi—la
el 1 1
:TthmNZ(yj_t 1 yz,fl _TZZ s Plim

Nzyzt lyzs 1
1 N=oe IV t=1s=1 N7

2 _ T [t—s]
02T —1 1 2 11-p 1 (P 9
£ 1— 1— ,fE E LA
T1—2[ T—11—p T _Tts 1— 2% )

- T t=1 s=1
0_2 1 . p2 1 T 1 T t—1
= B(p,T) - | = +2p T )
e\ T 7T T 2
o2 [1-p? 2 —
= 1— p2 ( B( aT) - T 1 + P Z pt 1g;¢ . (A_Ql)
=1

Dividing (A-19) by (A-21) yields the result in equation (20).

Turning to the expression for T" — oo, first note that using Lemma A-1

T
1 ~, ~ T—1t 1 T—1t 1
T Z FerFert:TE(F;FFert)‘f‘Op(\/T):T)\t'i‘op(ﬁ),
such that

T T T
§;¢$0<alzﬁjﬁj *0‘2ZF t1+O‘BZFS 1Fst1*0‘2ZFs 1F )

s=t+1 s=t+1 s=t+1 s=t+1
T —t 2w —wjwp41 — wiwe—1

- +0,(—=
T 1—w? PA\VT )’

with Wt = )‘t/>\0' Next

1 —t 2w — ww — wiw 1

_ - t1~+ __ T t—1 t 1t+1 Wi o (L
zp it sz (*7 s o, (1),
&1“

= 7 (1= 1) (@ 0+ o~ - 40, (7).

t=1
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—(1+0p) 1Tzltl 1_7 Wt_pwtfl_"_wt_ewtfl Lo 1
2 T 2" 1-p2 1- 62 P\T )"

1 0 1) 1
— 1 (12 ) +or (7). (A22)

where use is made of wy = (0 + p) wi—1 — Opwi—o YVt > 2 and

S (1) 003 () 3 (1)

t=2

:(9+p)<<1—;)pw1+p<§(1—;>Pt_1wt—;zpt_lwt)>a

“((1-2) o+ (1= 2) e (S (1 1) 2500 ),

(9+p)<pw1+p2( )p )
(-

Mf 5=

0p<p+pw1+p2
t

_(9+p)pw1—9p(p+pw5 1
1= (0+p)p+0p? O<T>
6%)

0(1—p?)(0+p)+p*(1—
Tt o (1)

2

such that

= -1 2 2 2
_ DY g, — ot e 0 =) +p (1007 1
(1 T)p ‘”t“’l*;(l T>” “ETaoma-ee T o\T)

and

T-1

T—-1 ¢ 1 T
—1 _ t—1 t—1
(1—> wt1—1+p§<l—T)p Wt_T;P Wi—1,

B wy — 0p? 1 (1-60%0") +0p(1-p?) 1
1+p(1—p2>(1—9p)+O(T> (1-p?)(1-06%?) +O( >

Using (A-22), as T — oo (A-19) and (A-21) are given by

t=1

o? 1= o? 0 p 1
t=1

o? 1—p? 2 = NP o? 1
= B(p,T)—=1|1 ] = —<B(p,T — . A-24
P (e - g (e e ) | = B vo (3 ). ey
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Thus, for (N, T)seq — 00 equation (21) is given by

plim (p,

1 1 6 P 2 1
_ = — — 1_ 7
oo Pccepu P) T(1p+(19p+(1,02))>( p>+0p<T)7
1 0(1 - p?) 1
= — 1 2 - 4 teal N

Proof of Theorem 2. First note that using (14) and (25)

(A-25)
~ 1 1 ~ _ _ =
b= (yt — @~ Docer. Ut 1) =3 ((p = Pocer Y1 + (@ — @) + 7 + 5t>
~ 1 ~ .
Fy=F+ = ((Pccm:r — P+ (@—a) - 5t>
which for N — oo and using (16) and (17) reduces to
-~ 1 ~ -1 | —r+ =
Fi= ot = ((Gecse, =) (1= )7 @ +7FE, ) + (G - 3)
=+ (ﬁCCEPr - p)Fttl +a’, (A_26)
where a* = 1 ((ﬁccm —p)(-p)la+@E- a)). Using (A-26) in (24)
plim (1/NT Zy;,—lME (% plim (Pecpe, JET + 51)
. R N— 00 i—1 N— 00
plim (Pocge, — p) = N )
N —o00
plim (1 /NT) Zyz “iMzyi
N—o00 i—1
plim (1/NT) s 1M~ 2Ei
N_wo( / ;y 1
= N . (A—27)
plim (1/NT)Y i Moy,
N— 00 i—1

Using (A-7)-(A-10), the numerator of (A-27) is given by
N

plim —

plim 7 2 v Mt = plim
—00

T
zy[— zm@s—ei)],
N—oo IV i=1 t=1
1 T
= Tz phIn Zyzt 1€it —

= Z (1_27—315) phm 7zylt 1€;
1 . t 1

1 T N 1 T T N
= _T Z]I\i;lileo NG Zyz,t—ﬁz T ZZ Tst nggilo N Zyz t—1E€is,
t=1 i=1 t=1 s=1 i=1
0_2 T—1
_ € 2 t—1~
——TA(/%T) UszP

(A-28)



where @’ﬁ,t = ijt+1 ;—:s,sft = ZLH (F F) ( s—t ™ ) /Zt 1 (Ft )

Similarly to the derivation of (A-15), the denominator of equation (A-27) is given by

lim —— -
EffoNTZy“l FY

N T T

= plim —— Z Z [yi—t_tfl +7Ftt1] (yzﬂ,—tfl - ?:71) - Z;st (92_571 - @j) )

N—oo NT =45 =

1 L ) ] LT
= gy 2 2 (s~ ) gl 33 3 Pl
o? 1—p? 2 =
12 Tp B(p,T) - 7 (1 +p z; P’ 19@)) . (A-29)
t=

Dividing (A-28) by (A-29) yields the result in equation (26).

Next, letting (pO,FO) denote the true parameter p and the true factor F' respectively such

that, after centering, the objective function in (22) is given by

2

N

Snr (o, F % — pYi—1) M (5 — pyi—1) NlTZ?r’ o
=1
1 N o B ~ B 1 N
NT;( P° = p) Tio1 + N F° +€) Mﬁ((ﬂ —p) i1+ N F +ai)—N—g Fo€is
y (po—p) N . N 1 N . - 1 N -
= Syt (p,F)JrZW;yi,_lMﬁei+2ﬁ;)\il§’ Mz&; + N—Z ! Mzo) &,
where
- (0 -p)" —p (° = p) & ~
Syt (p, F) = Zyl,l F%,,ﬁ—ZA?FOM FO 490 2 NT Ui 1 MzFON;.

i=1

Using that for (N, T)geq — 00
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we have
Snr (p, F) = Snr (p, F) + 0, (1), (A-30)

uniformly over p and F'. First note that as Mﬁoﬁo =0, Syt (po, FO) = 0. Second, we show that
for any (p, F) # (p°, F°), Syt (p, F) > 0; thus Syt (p°, F°) attains its unique minimum value at
(p, F) = (p°, F°). Define

1 R 1
— ~/ NN. . _ 2‘ _— . ~~4
A= ~NT ;:1 yi,_lMFyL_l, B = NT ;:1 Aiy C= NT ii_ 1 AiMzy;, 1.

(
= (" =) (A= C'BC) + (F" Mz + (0~ p) C'B™) B (MpF* + B~'C (0~ p)) ,
(po — p)2 D (ﬁ) +0' B0,

0

since D (F) = A — C'B~C and B are both positive definite, where § = Mﬁﬁo +B71C (p° - p).
Note that Syr (p, F) > 0 if either p # p° or F' # F°. This implies that p..,, is consistent for p
for (N, 1), — 00

From (A-26) and the consistency of pogp, We have that for (N,T) — oo

seq
F,=F,+o,(1). (A-31)
Thus,

Zz:l (FS — F) (stt — F) . L ) -
ST (1) = Grs +0p (1) (A32)

9rt =

The asymptotic representation of the CCEPr for (N, T)
(A-31) in (26) and using similar derivations as to obtain (13).

seq 7 OO then follows from substituting
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Appendix B Tables Monte Carlo simulations

Table 1: p=0.6,8=04,0=04,91 =1,9v:=1,9%3 =08 and £ =3

T N bias p stde p stdvp rmsep bias 8 stde 8 stdv 8 rmse 8
5 20 WGn -0.118  0.072 0.104 0.157 0.004 0.038 0.045 0.045
WGi -0.121  0.072 0.089 0.150 -0.019  0.038 0.041 0.045
CCEPu -0.355 0.170 0.306 0.469 -0.074 0.069 0.095 0.121
CCEPr -0.206 0.077  0.151 0.255 -0.034  0.036 0.051 0.062
10 20 WGn -0.034 0.041 0.068 0.076 0.022 0.025 0.030 0.037
WGi -0.054  0.037  0.040 0.067 -0.005  0.023 0.023 0.024
CCEPu -0.118 0.055 0.073 0.139 -0.015  0.027 0.029 0.033
CCEPr -0.083 0.042 0.057 0.101 -0.009 0.022 0.025 0.026
20 20 WGn 0.009  0.026 0.048 0.048 0.026 0.018 0.021 0.033
WGi -0.025 0.023 0.023 0.035 -0.001 0.015 0.015 0.015
CCEPu -0.050 0.030 0.033 0.060 -0.004  0.016 0.017 0.017
CCEPr -0.038 0.026 0.030 0.048 -0.003  0.015 0.016 0.016
30 20 WGn 0.022  0.021 0.039 0.045 0.027 0.014 0.017 0.032
WGi -0.017  0.018 0.018 0.024 -0.001  0.012 0.012 0.012
CCEPu -0.032 0.022 0.023 0.040 -0.002 0.013 0.013 0.013
CCEPr -0.025 0.021 0.022 0.033 -0.002 0.012 0.012 0.012
40 20 WGn 0.030 0.018 0.035 0.046 0.027 0.012 0.015 0.031
WGi -0.012 0.015 0.015 0.019 -0.000  0.010 0.010 0.010
CCEPu -0.023 0.018 0.019 0.030 -0.001  0.011 0.011 0.011
CCEPr -0.018 0.017  0.019 0.026 -0.001  0.010 0.011 0.011
50 20 WGn 0.035  0.016 0.031 0.046 0.028 0.011 0.013 0.031
WGi -0.010 0.013 0.013 0.016 -0.000  0.009 0.009 0.009
CCEPu -0.018 0.016 0.017 0.025 -0.001  0.009 0.010 0.010
CCEPr -0.014 0.015 0.016 0.021 -0.001  0.009 0.009 0.009
5 50 WGn -0.114  0.045 0.090 0.146 0.006 0.024 0.032 0.033
WGi -0.120  0.045 0.069 0.139 -0.018  0.024 0.027 0.032
CCEPu -0.358 0.105 0.267 0.446 -0.074  0.043 0.075 0.105
CCEPr -0.203 0.049 0.115 0.234 -0.033 0.023 0.034 0.047
10 50 WGn -0.032  0.026 0.059 0.067 0.022 0.016 0.022 0.031
WGi -0.052 0.023 0.026 0.059 -0.005 0.014 0.015 0.016
CCEPu -0.119 0.035 0.055 0.131 -0.016  0.017 0.019 0.025
CCEPr -0.082 0.027  0.039 0.091 -0.009 0.014 0.016 0.018
20 50 WGn 0.011  0.017  0.042 0.043 0.026 0.011 0.015 0.030
WGi -0.025 0.014 0.015 0.029 -0.001  0.010 0.010 0.010
CCEPu -0.051 0.019 0.022 0.055 -0.004 0.010 0.010 0.011
CCEPr -0.037 0.017  0.019 0.042 -0.002  0.010 0.010 0.010
30 50 WGn 0.023 0.013 0.036 0.043 0.027 0.009 0.012 0.030
WGi -0.016  0.011 0.011 0.019 -0.001  0.008 0.008 0.008
CCEPu -0.031 0.014 0.015 0.035 -0.002  0.008 0.008 0.008
CCEPr -0.023 0.013 0.014 0.027 -0.001 0.008 0.008 0.008
40 50 WGn 0.030  0.011 0.031 0.044 0.027 0.008 0.011 0.029
WGi -0.012  0.009 0.009 0.015 -0.001  0.007 0.007 0.007
CCEPu -0.023 0.012 0.012 0.026 -0.001  0.007 0.007 0.007
CCEPr -0.017 0.011 0.012 0.021 -0.001  0.007 0.007 0.007
50 50 WGn 0.036  0.010 0.029 0.046 0.028 0.007 0.010 0.029
WGi -0.009  0.008 0.008 0.012 -0.000  0.006 0.006 0.006
CCEPu -0.018 0.010 0.011 0.021 -0.000  0.006 0.006 0.006
CCEPr -0.014 0.010 0.010 0.017 -0.001  0.006 0.006 0.006
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Table 2: N=50,8=1—p,0=04, Y1 =1,92=1,93=08and { =3

p T bias p stde p stdvp rmse p bias 8 stde 8 stdv 8 rmse 8
04 5 WGn -0.058  0.039 0.071 0.091 0.018 0.028 0.037 0.042
WGi -0.073  0.038 0.050 0.089 -0.015  0.028 0.030 0.034
CCEPu -0.205 0.086 0.187 0.278 -0.067 0.052 0.083 0.106
CCEPr -0.106 0.040 0.072 0.128 -0.023  0.027 0.034 0.041

10 WGn -0.004 0.024 0.051 0.051 0.033 0.019 0.026 0.042
WGi -0.032  0.021 0.023 0.040 -0.004  0.017 0.017 0.017
CCEPu -0.062 0.029 0.038 0.073 -0.010 0.019 0.021 0.023
CCEPr -0.045 0.023 0.029 0.054 -0.006 0.017 0.017 0.018

20 WGn 0.024  0.016 0.040 0.047 0.036 0.013 0.019 0.041
WGi -0.017 0.013 0.014 0.021 -0.001 0.011 0.011 0.011
CCEPu -0.029 0.017 0.018 0.034 -0.002 0.012 0.012 0.012
CCEPr -0.022 0.015 0.016 0.028 -0.002 0.011 0.011 0.012

30 WGn 0.033  0.013 0.033 0.047 0.036 0.010 0.015 0.039
WGi -0.011  0.011 0.011 0.015 -0.000  0.009 0.009 0.009
CCEPu -0.018 0.013 0.013 0.022 -0.001  0.009 0.009 0.009
CCEPr -0.014 0.012 0.013 0.019 -0.001  0.009 0.009 0.009

40 WGn 0.038  0.011 0.029 0.048 0.037 0.009 0.013 0.039
WGi -0.008  0.009 0.009 0.012 -0.000  0.008 0.008 0.008
CCEPu -0.013 0.011 0.011 0.017 -0.000  0.008 0.008 0.008
CCEPr -0.011 0.010 0.011 0.015 -0.001  0.008 0.008 0.008

50 WGn 0.041 0.010 0.027 0.049 0.037 0.008 0.012 0.039
WGi -0.006  0.008 0.008 0.010 -0.000  0.007 0.007 0.007
CCEPu -0.011 0.009 0.010 0.014 -0.000 0.007 0.007 0.007
CCEPr -0.009 0.009 0.009 0.013 -0.001  0.007 0.007 0.007
0.8 5 WGn -0.309 0.059 0.150 0.343 0.024 0.038 0.057 0.062
WGi -0.285  0.061 0.132 0.315 -0.025  0.039 0.042 0.049
CCEPu -0.794 0.132 0.380 0.880 -0.080 0.057 0.072 0.108
CCEPr -0.630 0.071 0.237 0.673 -0.054 0.035 0.045 0.070

10 WGn -0.131  0.033 0.092 0.160 0.057 0.026 0.044 0.072
WGi -0.125 0.030 0.051 0.135 -0.008 0.025 0.025 0.026
CCEPu -0.353 0.050 0.121 0.373 -0.028  0.027 0.030 0.041
CCEPr -0.281 0.039 0.101 0.299 -0.020 0.024 0.026 0.032

20 WGn -0.038  0.019 0.057 0.068 0.071 0.019 0.031 0.077
WGi -0.055 0.017  0.022 0.059 -0.002  0.017 0.017 0.017
CCEPu -0.158 0.026 0.047 0.165 -0.009 0.017 0.018 0.020
CCEPr -0.121  0.023 0.039 0.127 -0.006  0.016 0.017 0.018

30 WGn -0.010  0.015 0.043 0.044 0.073 0.015 0.026 0.077
WGi -0.035  0.012 0.015 0.038 -0.001  0.013 0.013 0.013
CCEPu -0.098 0.019 0.028 0.102 -0.004 0.014 0.014 0.015
CCEPr -0.073 0.017  0.024 0.077 -0.003  0.013 0.013 0.014

40 WGn 0.007  0.012 0.037 0.037 0.075 0.013 0.023 0.079
WGi -0.025  0.010 0.012 0.027 -0.001 0.011 0.012 0.012
CCEPu -0.071 0.015 0.021 0.074 -0.002 0.012 0.012 0.012
CCEPr -0.053 0.014 0.018 0.056 -0.002 0.011 0.012 0.012

50 WGn 0.014 0.010 0.032 0.035 0.075 0.012 0.021 0.078
WGi -0.019  0.009 0.010 0.022 -0.001  0.010 0.010 0.010
CCEPu -0.055 0.013 0.016 0.057 -0.002  0.010 0.010 0.011
CCEPr -0.040 0.012 0.015 0.043 -0.002 0.010 0.010 0.010
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Table 3: N=50,p=0.6,8=04,91=1,92=1,93=08and { =3

0 T bias p stde p stdvp rmse p bias 8 stde 8 stdv 8 rmse 8
0 5  WGn -0.144 0.044  0.095 0.173 0.001 0.022 0.028 0.028
WGi -0.080  0.039 0.050 0.095 -0.012  0.020 0.021 0.024
CCEPu -0.241 0.091 0.217 0.324 -0.049 0.036 0.060 0.077
CCEPr -0.122 0.042 0.080 0.146 -0.018  0.019 0.025 0.031

10 WGn -0.071 0.026 0.058 0.091 0.016 0.015 0.019 0.025
WGi -0.034 0.020 0.022 0.041 -0.003 0.012 0.012 0.012
CCEPu -0.071  0.029 0.040 0.081 -0.008 0.014 0.015 0.017
CCEPr -0.048 0.023 0.028 0.056 -0.004 0.012 0.012 0.013

20 WGn -0.034 0.017  0.040 0.052 0.021 0.010 0.013 0.025
WGi -0.017 0.013 0.013 0.021 -0.001 0.008 0.008 0.008
CCEPu -0.032 0.016 0.018 0.036 -0.002  0.008 0.009 0.009
CCEPr -0.023 0.014 0.015 0.027 -0.001  0.008 0.008 0.008

30 WGn -0.023  0.013 0.033 0.040 0.022 0.008 0.010 0.024
WGi -0.011  0.010 0.010 0.014 -0.000  0.006 0.006 0.006
CCEPu -0.020 0.012 0.013 0.024 -0.001  0.006 0.007 0.007
CCEPr -0.015 0.011 0.012 0.019 -0.001  0.006 0.006 0.006

40 WGn -0.017  0.011 0.028 0.033 0.022 0.007 0.009 0.024
WGi -0.008  0.008 0.008 0.011 -0.000  0.005 0.005 0.005
CCEPu -0.015 0.010 0.010 0.018 -0.000  0.005 0.006 0.006
CCEPr -0.011 0.010 0.010 0.014 -0.000  0.005 0.005 0.005

50 WGn -0.013  0.010 0.025 0.028 0.023 0.006 0.008 0.024
WGi -0.006  0.007  0.007 0.010 -0.000  0.005 0.005 0.005
CCEPu -0.012 0.009 0.009 0.015 -0.000 0.005 0.005 0.005
CCEPr -0.008 0.008 0.009 0.012 -0.000  0.005 0.005 0.005
0.8 5 WGn -0.140 0.048 0.075 0.159 -0.003 0.028 0.033 0.033
WGi -0.214  0.057  0.102 0.237 -0.035  0.032 0.036 0.051
CCEPu -0.498 0.117  0.309 0.586 -0.104  0.053 0.091 0.138
CCEPr -0.335 0.057 0.144 0.364 -0.057 0.029 0.046 0.073

10 WGn -0.036  0.028 0.053 0.064 0.019 0.018 0.024 0.031
WGi -0.097  0.030 0.040 0.105 -0.011 0.019 0.020 0.022
CCEPu -0.195 0.042 0.077 0.210 -0.027  0.022 0.026 0.038
CCEPr -0.145 0.031 0.058 0.156 -0.017  0.019 0.022 0.028

20 WGn 0.018 0.017  0.041 0.045 0.027 0.013 0.018 0.032
WGi -0.047  0.018 0.020 0.051 -0.003  0.013 0.013 0.013
CCEPu -0.088 0.023 0.030 0.093 -0.008 0.014 0.014 0.016
CCEPr -0.067 0.020 0.027 0.072 -0.006  0.013 0.013 0.014

30 WGn 0.038  0.013 0.035 0.051 0.030 0.010 0.014 0.033
WGi -0.031 0.014 0.014 0.034 -0.001  0.010 0.010 0.010
CCEPu -0.056 0.017  0.020 0.060 -0.003  0.011 0.011 0.011
CCEPr -0.044 0.015 0.019 0.047 -0.003  0.010 0.010 0.011

40 WGn 0.049  0.011 0.032 0.058 0.030 0.009 0.013 0.033
WGi -0.023  0.011 0.012 0.026 -0.001  0.009 0.009 0.009
CCEPu -0.041 0.014 0.015 0.044 -0.002  0.009 0.009 0.009
CCEPr -0.033 0.013 0.015 0.036 -0.003  0.009 0.009 0.009

50 WGn 0.054 0.010 0.029 0.061 0.031 0.008 0.011 0.033
WGi -0.018  0.010 0.010 0.021 -0.000  0.008 0.008 0.008
CCEPu -0.032 0.012 0.013 0.035 -0.001  0.008 0.008 0.008
CCEPr -0.025 0.011 0.013 0.029 -0.002 0.008 0.008 0.008
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Table 4: N =50,p=0.6,8=04,0=04,¢1 =1,¢¥3=0.8and £ =3

o T bias p stde p stdvp rmse p bias 8 stde 8 stdv 8 rmse 8
0.5 5 WGn -0.128  0.045 0.069 0.145 -0.002  0.024 0.029 0.029
WGi -0.147  0.050 0.077 0.166 -0.023  0.026 0.029 0.037
CCEPu -0.379 0.108 0.277 0.470 -0.079 0.045 0.077 0.110
CCEPr -0.228 0.050 0.127 0.261 -0.037  0.025 0.036 0.052

10 WGn -0.045 0.026 0.044 0.063 0.015 0.016 0.020 0.025
WGi -0.064  0.026 0.030 0.071 -0.006  0.016 0.016 0.017
CCEPu -0.127 0.036 0.058 0.139 -0.016  0.018 0.021 0.026
CCEPr -0.090 0.028 0.043 0.100 -0.009 0.015 0.017 0.019

20 WGn -0.006  0.017  0.032 0.032 0.020 0.011 0.014 0.024
WGi -0.031 0.016 0.016 0.035 -0.002 0.010 0.011 0.011
CCEPu -0.055 0.020 0.023 0.060 -0.004 0.011 0.011 0.012
CCEPr -0.041 0.017  0.021 0.046 -0.003  0.010 0.011 0.011

30 WGn 0.007  0.013 0.026 0.027 0.021 0.009 0.011 0.023
WGi -0.020 0.012 0.012 0.024 -0.001  0.008 0.008 0.008
CCEPu -0.035 0.015 0.016 0.038 -0.002  0.009 0.009 0.009
CCEPr -0.026 0.014 0.015 0.030 -0.001  0.008 0.008 0.009

40 WGn 0.013  0.011 0.022 0.026 0.021 0.008 0.010 0.023
WGi -0.015 0.010 0.011 0.018 -0.000  0.007 0.007 0.007
CCEPu -0.025 0.012 0.013 0.028 -0.001  0.007 0.007 0.007
CCEPr -0.019 0.012 0.012 0.023 -0.001  0.007 0.007 0.007

50 WGn 0.017  0.010 0.020 0.026 0.021 0.007 0.008 0.023
WGi -0.012  0.009 0.009 0.015 -0.000  0.006 0.006 0.006
CCEPu -0.020 0.011 0.011 0.023 -0.001 0.006 0.007 0.007
CCEPr -0.015 0.010 0.011 0.019 -0.001  0.006 0.006 0.006

2 5 WGn -0.101 0.044 0.117 0.154 0.010 0.024 0.035 0.036
WGi -0.091  0.040 0.058 0.108 -0.014  0.021 0.023 0.027
CCEPu -0.316 0.100 0.246 0.400 -0.066  0.039 0.069 0.095
CCEPr -0.166 0.046 0.098 0.192 -0.027 0.021 0.029 0.040

10 WGn -0.018  0.026 0.077 0.079 0.026 0.016 0.024 0.035
WGi -0.039 0.020 0.023 0.045 -0.004 0.013 0.013 0.013
CCEPu -0.101 0.032 0.049 0.112 -0.013 0.015 0.017 0.022
CCEPr -0.068 0.025 0.033 0.076 -0.007  0.013 0.014 0.015

20 WGn 0.027  0.016 0.054 0.061 0.030 0.011 0.016 0.034
WGi -0.018  0.012 0.013 0.022 -0.001  0.008 0.008 0.009
CCEPu -0.043 0.017 0.020 0.047 -0.003 0.009 0.009 0.010
CCEPr -0.031 0.015 0.017 0.036 -0.002  0.008 0.009 0.009

30 WGn 0.041 0.013 0.047 0.062 0.031 0.009 0.013 0.034
WGi -0.011  0.009 0.010 0.015 -0.000  0.007 0.007 0.007
CCEPu -0.026 0.013 0.014 0.030 -0.001  0.007 0.007 0.007
CCEPr -0.020 0.012 0.013 0.023 -0.001  0.007 0.007 0.007

40 WGn 0.049  0.011 0.041 0.064 0.031 0.008 0.011 0.033
WGi -0.009  0.008 0.008 0.012 -0.000  0.006 0.006 0.006
CCEPu -0.019 0.011 0.011 0.022 -0.001  0.006 0.006 0.006
CCEPr -0.014 0.010 0.011 0.018 -0.001  0.006 0.006 0.006

50 WGn 0.055 0.010 0.037 0.066 0.031 0.007 0.010 0.033
WGi -0.007  0.007  0.007 0.010 -0.000  0.005 0.005 0.005
CCEPu -0.015 0.009 0.010 0.018 -0.000  0.005 0.005 0.005
CCEPr -0.012 0.009 0.009 0.015 -0.000 0.005 0.005 0.005
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Table 5: N =50,p=0.6,8=04,0=04,¢1 =1, =1and £ =3

Py T bias p stde p stdvp rmse p bias 8 stde 8 stdv 8 rmse 8
04 5 WGn -0.119  0.045  0.089 0.148 -0.002  0.024 0.029 0.030
WGi -0.124  0.046  0.069 0.142 -0.019  0.024 0.027 0.033
CCEPu -0.356 0.105  0.266 0.444 -0.074  0.043 0.073 0.104
CCEPr -0.203 0.048 0.118 0.235 -0.035  0.023 0.033 0.048
10 WGn -0.035  0.027  0.058 0.067 0.014 0.016 0.020 0.025
WGi -0.053  0.024  0.027 0.059 -0.005  0.014 0.015 0.015
CCEPu -0.116 0.035  0.055 0.128 -0.015  0.017 0.019 0.025
CCEPr -0.081 0.026  0.040 0.090 -0.010 0.014 0.016 0.019
20 WGn 0.008  0.017  0.043 0.044 0.019 0.011 0.014 0.023
WGi -0.026  0.014  0.015 0.030 -0.001  0.010 0.010 0.010
CCEPu -0.050 0.019  0.022 0.055 -0.004 0.010 0.011 0.011
CCEPr -0.037 0.016 0.020 0.042 -0.004  0.009 0.010 0.011
30 WGn 0.021  0.013  0.036 0.042 0.019 0.009 0.011 0.022
WGi -0.016 0.011  0.011 0.020 -0.001  0.008 0.008 0.008
CCEPu -0.032 0.014 0.015 0.035 -0.002  0.008 0.008 0.008
CCEPr -0.024 0.013 0.015 0.028 -0.003  0.008 0.008 0.009
40 WGn 0.029 0.011  0.031 0.042 0.019 0.008 0.010 0.022
WGi -0.012  0.009  0.010 0.016 -0.000  0.007 0.007 0.007
CCEPu -0.023 0.012 0.012 0.026 -0.001  0.007 0.007 0.007
CCEPr -0.018 0.011 0.012 0.022 -0.003  0.007 0.007 0.008
50 WGn 0.033  0.010  0.028 0.044 0.019 0.007 0.009 0.021
WGi -0.010  0.008  0.008 0.013 -0.000  0.006 0.006 0.006
CCEPu -0.018 0.010 0.011 0.021 -0.001  0.006 0.006 0.006
CCEPr -0.015 0.010 0.010 0.018 -0.003  0.006 0.006 0.007
Table 6: N =50, p=0.6,8=04,0=04,¢1 =1, ¥ =1 and ¢¥3 = 0.8
I3 T bias p stde p stdvp rmsep bias f# stde 8 stdv f rmse 3
10 5 WGn -0.045 0.028 0.034 0.056 -0.003  0.012 0.013 0.013
WGi -0.074  0.035  0.047 0.088 -0.012  0.014 0.015 0.020
CCEPu -0.182 0.078 0.170 0.249 -0.039  0.027 0.046 0.060
CCEPr -0.087 0.031 0.061 0.106 -0.014  0.013 0.019 0.023
10 WGn -0.010 0.016 0.024 0.026 0.003  0.008 0.009 0.009
WGi -0.033  0.017  0.020 0.039 -0.004  0.008 0.008 0.009
CCEPu -0.055 0.023  0.031 0.063 -0.008  0.010 0.010 0.013
CCEPr -0.037 0.017  0.023 0.044 -0.004  0.008 0.009 0.010
20 WGn 0.010 0.010 0.021 0.023 0.006  0.005 0.006 0.008
WGi -0.016 0.010 0.011 0.020 -0.001  0.005 0.005 0.005
CCEPu -0.024 0.012 0.014 0.028 -0.002  0.006 0.006 0.006
CCEPr -0.018 0.011 0.012 0.021 -0.001  0.005 0.005 0.006
30 WGn 0.018 0.008 0.019 0.026 0.006  0.004 0.005 0.008
WGi -0.011  0.008 0.008 0.014 -0.000  0.004 0.004 0.004
CCEPu -0.015 0.009 0.010 0.018 -0.001  0.004 0.004 0.005
CCEPr -0.012 0.008 0.009 0.015 -0.001  0.004 0.004 0.004
40 WGn 0.022  0.007 0.018 0.028 0.007  0.004 0.005 0.008
WGi -0.008 0.007  0.007 0.011 -0.000  0.004 0.004 0.004
CCEPu -0.011  0.007  0.008 0.014 -0.001  0.004 0.004 0.004
CCEPr -0.009 0.007  0.007 0.012 -0.001  0.004 0.004 0.004
50 WGn 0.024  0.006 0.016 0.029 0.007  0.003 0.004 0.008
WGi -0.006  0.006  0.006 0.009 -0.000  0.003 0.003 0.003
CCEPu -0.009 0.006  0.007 0.011 -0.000  0.003 0.003 0.003
CCEPr -0.007 0.006  0.006 0.010 -0.000  0.003 0.003 0.003
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