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Abstract

The within-groups estimator is inconsistent in dynamic panels with fixed T as the in-

dividual sample mean of the lagged dependent variable used in the within transformation is

contemporaneously correlated with the idiosyncratic error term. This paper suggests to trans-

form the lagged dependent variable into orthogonal deviations from its individual backward

mean, which is contemporaneously uncorrelated with the idiosyncratic error term. As this

transformation eliminates the individual effects as T → ∞ but not for T fixed, this alternative

estimator is consistent for T → ∞ but inconsistent for N → ∞ and T fixed. The inconsis-

tency for fixed T is shown to be negligibly small, though. Moreover, a Monte Carlo simulation

shows that it has superior small sample properties compared to conventional dynamic panel

data estimators.
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1 Introduction

The basic problem in dynamic panel data models is that the lagged dependent variable is by

construction correlated with the individual effect in the error term. This renders the least-squares

(LS) estimator biased and inconsistent. Consistent estimation requires some transformation to

eliminate the individual effects. A within transformation wipes out the individual effects by

taking deviations from individual sample means, but the resulting within-groups (WG) estimator

is inconsistent when the cross-sectional dimension N tends to infinity with the time dimension

T fixed (see e.g. Nickell, 1981). Given this inconsistency, the literature focuses mainly on a

first difference transformation to eliminate the individual effect while handling the remaining
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correlation with the (transformed) error term using instrumental variables (IV) and generalised

method of moments (GMM) estimators. These estimators are consistent for large N and fixed T

(see Arellano and Bond, 1991; Blundell and Bond, 1998) or for large N and large T (see Anderson

and Hsiao, 1982; Alvarez and Arellano, 2003). Especially the first-differenced GMM estimator

of Arellano and Bond (1991) and the system GMM estimator of Arellano and Bover (1995) and

Blundell and Bond (1998) are increasingly popular. Unfortunately, these GMM estimators (i) have

a (much) larger standard error compared to the WG estimator (see e.g. Arellano and Bond, 1991;

Kiviet, 1995) and (ii) may suffer from a substantial finite sample bias due to weak instrument

problems (see Ziliak, 1997; Bun and Kiviet, 2006; Bun and Windmeijer, 2010). In order to avoid

these problems, bias-corrections for the WG estimator have been proposed by, among others,

Kiviet (1995), Bun (2003), Bun and Carree (2005) and Everaert and Pozzi (2007). The advantage

of these estimators is that they reduce the bias of the WG estimator while maintaining its relatively

small dispersion. Although these estimators perform remarkably well in most cases, the remaining

bias may still be substantial when T is relatively small. Moreover, they are not always that

straightforward to implement.

This paper retains a within-type of transformation but suggests an alternative to taking de-

viations from the individual sample mean. The problem with the sample mean of the lagged

dependent variable is that it includes observations for time t, . . . , T , which are all affected by the

idiosyncratic error term at time t. When T is fixed, this results in contemporaneous correlation

between the within-transformed lagged dependent variable and the idiosyncratic error term, which

in turn implies that the WG estimator is inconsistent for N →∞ and T fixed. As an alternative,

we therefore suggest to transform the lagged dependent variable into orthogonal deviations from

its individual backward mean, which is contemporaneously uncorrelated with the idiosyncratic

error term. We refer to the estimators based on this orthogonal to backward mean transformation

as WGob estimators. We consider a model with and without additional exogenous regressors.

First, in a model with no additional exogenous regressors, the WGob estimator is obtained as the

LS estimator after transforming the model in orthogonal deviations from the backward mean of

the lagged dependent variable. Equivalently, it is obtained by (i) adding the backward mean of

the lagged dependent variable as a regressor to the model, which then serves as a proxy for the

individual effects, or (ii) instrumenting the lagged dependent variable by the orthogonal devia-

tions from its backward mean, which is similar to the Hausman and Taylor (1981) representation

of the WG estimator. Second, the Hausman-Taylor representation of the WGob estimator makes

it very easy to add exogenous explanatory variables to the model which (i) serve as their own

instruments when they are not correlated with the individual effect or (ii) can be instrumented by

the deviations from their sample mean when they are correlated with the individual effect.

The WGob estimator is shown to be consistent for T → ∞ but inconsistent for N → ∞ and

T fixed. This is due to the fact that for fixed T the individual effects are not exactly wiped out

by orthogonalising on the backward mean of the lagged dependent variable. The inconsistency is
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shown to be negligibly small, though. Moreover, the WGob estimator is consistent for fixed T in

the specific cases where (i) T = 2; (ii) the AR(1) coefficient is either zero or increases towards

unity and (iii) the ratio of the variance of individual effects over the variance of the idiosyncratic

error tends to zero. Monte Carlo experiments further show that the small sample properties of

the WGob estimator are superior to those of conventional dynamic panel data estimators, i.e. it

considerably outperforms conventional estimators in terms of bias, dispersion and inference in the

cases where these estimators fail while not performing much worse in all other cases.

The remainder of this paper is organised as follows. Section 2 presents the model and the

assumptions. Section 3 motivates the use of orthogonal deviations from the backward mean of

the lagged dependent variable by inspection of the source of the Nickell bias. Section 4 analyses

the asymptotic properties of the WGob estimator in a model with only a lagged dependent vari-

able. Section 5 extends the model by adding exogenous explanatory variables. Section 6 presents

the results of Monte Carlo experiments comparing the finite sample performance of the WGob

estimator to a number of standard dynamic panel data estimators. Section 7 concludes.

2 Model and assumptions

Consider a standard dynamic panel data model with individual effects

yit = θyi,t−1 + αi + εit, i = 1, . . . , N ; t = 1, . . . , T, (1)

where |θ| < 1, yit is the observation on the dependent variable for unit i at time t and αi + εit

is the usual decomposition of the error term into the unobserved individual heterogeneity αi or

individual effect and the idiosyncratic disturbance term εit. For notational convenience we assume

yi0 is observed. We make the following assumptions:

Assumption A1. εit ∼ i.i.d.
(
0, σ2

ε

)
across i and t and independent of αi and yi0.

Assumption A2. The initial conditions satisfy

yi0 =
αi

1− θ
+ ηi0, (i = 1, . . . , N) ,

where ηi0 is independent of αi and i.i.d. with the steady state distribution of the homogeneous

process so that ηi0 is the infinite weighted sum
∑∞
s=0 θ

sεi,−s.

Assumption A3. αi ∼ i.i.d.
(
0, σ2

α

)
across i.

For the presentation of the estimators below, it is convenient to write model (1) in the form

yi = θyi,−1 + αiιT + εi, (2)

where yi = (yi1, . . . , yiT )
′
, yi,−1 = (yi0, . . . , yi,T−1)

′
, ιT is a T × 1 vector of ones and εi =
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(εi1, . . . , εiT )
′
. Upon stacking this information on all N cross-sections, i.e y = (y′1, . . . , y

′
N )
′
,

y−1 =
(
y′1,−1, . . . , y

′
N,−1

)′
, α = (α1, . . . , αN )

′
and ε = (ε′1, . . . , ε

′
N )
′
, we have

y = θy−1 +Dα+ ε, (3)

where D = IN ⊗ ιT is a NT ×N dummy variable matrix.

3 Intuitive motivation: the Nickell bias revisited

Let the WG operator Q be given by

Q = IN ⊗QT , with QT = IT − ιT ι′T /T , (4)

which is a symmetric and idempotent matrix that transforms the data into deviations from indi-

vidual specific sample means:

QT yi = ỹi = yi − ιT ȳi, and QT yi,−1 = ỹi,−1 = yi,−1 − ιT ȳi,−1, (5)

where ȳi = T−1
∑T
t=1 yit and ȳi,−1 = T−1

∑T
t=1 yi,t−1. Since QT ιT = 0, the individual effects are

cancelled out by premultiplying model (3) by Q, obtaining

ỹ = θỹ−1 + ε̃, (6)

where ỹ = (ỹ′1, . . . , ỹ
′
N )
′
, ỹ−1 =

(
ỹ′1,−1, . . . , ỹ

′
N,−1

)′
and ε̃ = (ε̃′1, . . . , ε̃

′
N )
′

with ε̃i = εi − ιT ε̄i and

ε̄i = T−1
∑T
t=1 εit. The least squares estimate of θ in equation (6) defines the WG estimator

θ̂WG =
(
ỹ′−1ỹ−1

)−1
ỹ′−1ỹ =

(
y′−1Qy−1

)−1
y′−1Qy, (7)

where use is made of Q being symmetric and idempotent.

The WG estimator can also be written as the least squares estimator for θ after transforming

the data into scaled deviations from forward (cf. Arellano and Bover, 1995; Alvarez and Arellano,

2003) or backward means. Define the backward mean operator M b
T as

M b
T = diag

[
1,

1

2
, . . . ,

1

T

]
× LT , (8)

where LT is a T ×T lower triangular matrix of ones, i.e. LT,ij = 1 for i ≤ j and 0 otherwise, such

that Qb

Qb = IN ⊗QbT , with QbT = IT −M b
T , (9)
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is the operator that transforms the data into deviations from backward means

QbT yi = ỹbi = yi − ȳbi , and QbT yi,−1 = ỹbi,−1 = yi,−1 − ȳbi,−1. (10)

where ȳbi =
[
ȳbi1, . . . , ȳ

b
iT

]′
and ȳbi,−1 =

[
ȳbi1,−1, . . . , ȳ

b
iT,−1

]′
with ȳbit = t−1

∑t
s=1 yis and ȳbit,−1 =

t−1
∑t−1
s=0 yis.

1 As the rows of QbT add up to zero, i.e. QbT ιT = 0, the individual effects are also

canceled out by premultiplying model (3) by CQb, obtaining

Cỹb = θCỹb−1 + Cε̃b, (11)

where ỹb =
(
ỹb
′

1 , . . . , ỹ
b′

N

)′
, ỹb−1 =

(
ỹb
′

1,−1, . . . , ỹ
b′

N,−1

)′
and ε̃b =

(
ε̃b
′

1 , . . . , ε̃
b′

N

)′
with ε̃bi = εi −

ε̄bi , ε̄
b
i =

(
ε̄bi1, . . . , ε̄

b
iT

)′
and ε̄bit = t−1

∑t
s=1 εis. The scale factor C = IN ⊗ CT , with CT =

diag
[
1,
√

2,
√

3 /2 , . . . ,
√
T /T − 1

]
, is introduced to ensure that the transformation preserves

the orthogonality of the error terms, i.e. if Var(εi) = σ2IT then Cε̃bi also has Var
(
Cε̃bi

)
= σ2IT .

The least squares estimate of θ in equation (11)

θ̂WG =
(
ỹb
′

−1C
′Cỹb−1

)−1

ỹb
′

−1C
′Cỹb =

(
y′−1Q

b′C ′CQby−1

)−1

y′−1Q
b′C ′CQby, (12)

equals the WG estimator in (7) as it can easily be verified that Qb
′
C ′CQb = Q. Note that opposed

to Q, CQb is not a symmetric and idempotent matrix.

It is well known that θ̂WG is consistent for T → ∞ but inconsistent for N → ∞ and T fixed

(cf. Nickell, 1981; Anderson and Hsiao, 1981). Inserting (3) in (7) and using QD = 0

θ̂WG = θ +
(
ỹ′−1y−1

)−1
ỹ′−1 (Dα+ ε) = θ +

(
y′−1Qy−1

)−1
y′−1Qε, (13)

shows that this inconsistency stems from the fact that for fixed T the term 1
N y
′
−1Qε does not

converge to zero as N → ∞ since the sample mean ȳi,−1 used in the within transformation

ỹi,t−1 = yi,t−1 − ȳi,−1 is contemporaneously correlated with the idiosyncratic error term εit. Ob-

taining a consistent LS estimator for N →∞ requires that the transformation that eliminates the

individual effects produces a variable that is contemporaneously uncorrelated with the transformed

disturbance εit. This suggests using backward means in stead of full sample means. However the

representation of the WG estimator in (12) shows that this yields exactly the same estimator.

Inserting (11) in (12)

θ̂WG = θ +
(
ỹb
′

−1C
′Cỹb−1

)−1

ỹb
′

−1C
′Cε̃b = θ +

(
y′−1Q

b′C ′CQby−1

)−1

y′−1Q
b′C ′CQbε, (14)

shows that the inconsistency of the WG estimator can also be seen to stem from the correlation

between y−1 and ε in (scaled) deviation from their backward means.

1Note that as according to this definition ỹbi1 is zero it is in principle possible to define QbT as a (T −1)× (T −1)
matrix such that observations for t = 1 are dropped. However, for the orthogonal deviations presented below these
observations are not exactly equal to zero such that for notational convenience they are also not dropped here.
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Remark 1. Interestingly, ỹbit,−1 = yi,t−1−ȳbi,−1 is not correlated with the error term εit. Therefore,

in line with the IV representation of the WG estimator (see Hausman and Taylor, 1981), we can

also use ỹb−1 as an instrument for y−1. This IV estimator for θ in (3) is given by

θ̂IV =
(
ỹb
′

−1y−1

)−1

ỹb
′

−1y = θ +
(
y′−1Q

b′y−1

)−1

y′−1Q
b′ε, (15)

where use is made of QbιT = 0 such that ỹb−1Dα = 0 by construction. As ỹbit,−1 and εit are

uncorrelated, θ̂IV is a consistent estimator for θ when N → ∞, T → ∞ or N,T → ∞ jointly.

However, it suffers from a weak instruments problem as the R2 of the first step reduced form

instrumental variable regression of yi,t−1 on the instrument ỹbi,t−1 tends to zero when
(
σ2
α

σ2
ε

)
→∞

or θ is close to 1.

4 Orthogonalising regressors to backward means

Instead of taking deviations from backward means, define the orthogonal to backward means

operator Qb⊥

Qb⊥ = INT − ȳb−1

(
ȳb
′

−1ȳ
b
−1

)−1

ȳb
′

−1, (16)

where ȳb−1 =
(
ȳb
′

1,−1, . . . , ȳ
b′

N,−1

)′
such that Qb⊥ has the interpretation of a ‘residual maker’ matrix,

i.e. premultiplying by this matrix transforms the data into residuals of an auxiliary regression

on ȳb−1. These residuals are by construction orthogonal to ȳb−1. It is easily verified that Qb⊥ is a

symmetric and idempotent matrix. Premultiplying (3) by Qb⊥ yields

y̆b = θy̆b−1 + ᾰb + ε̆b, (17)

where y̆b, y̆b−1, ᾰb and ε̆b are the residuals from the auxiliary regressions of y, y−1, α and ε on

ȳb−1. The LS estimator for θ in (17), we shall refer to this as WGob, is given by

θ̂WG
⊥ =

(
y′−1Q

b
⊥y−1

)−1
y′−1Q

b
⊥y =

(
y̆b
′

−1y−1

)−1

y̆b
′

−1y, (18)

where use is made of the symmetry and idempotency of Qb⊥.

Remark 2. Using the Frisch-Waugh-Lovell theorem, the WGob estimator is numerically identical

to the LS estimate for the coefficient on y−1 in a regression of y on y−1 augmented with ȳb−1. This

makes the suggested estimator straightforward to apply in practice. Alternatively, the WGob

estimator has an instrumental variables (IV) representation where y̆bi,t−1 is used as an instrument

for yi,t−1 in the original model in (1), i.e. imposing the following moment condition

E
(
y̆bi,t−1 (αi + εit)

)
= 0. (19)
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Inserting (3) in (18) yields

θ̂WG
⊥ = θ +

(
y̆b
′

−1y−1

)−1

y̆b
′

−1 (Dα+ ε) = θ +
(
y′−1Q

b
⊥y−1

)−1
y′−1Q

b
⊥ (Dα+ ε) , (20)

In contrast to Qb, the rows of Qb⊥ do not sum to zero such that Qb⊥D is not zero by construction.

This implies that by premultiplying the data by Qb⊥ the individual effects in α are not cancelled out

exactly such that the transformed explanatory variable y̆b−1 in the numerator of (20) is potentially

correlated with the composite error term Dα + ε. This can also be seen by using (16) to rewrite

(20) as

θ̂WG
⊥ − θ =

(
Qb⊥y−1

)′
(Dα+ ε)(

Qb⊥y−1

)′ (
Qb⊥y−1

) =

(
y−1 − δ̂T ȳb−1

)′
(Dα+ ε)(

y−1 − δ̂T ȳb−1

)′
y−1

, (21)

where

δ̂T =
ȳb
′

−1y−1

ȳb
′
−1ȳ

b
−1

= 1 +
ȳb
′

−1ỹ
b
−1

ȳb
′
−1ȳ

b
−1

, (22)

which is not necessarily equal to 1 such that the individual effects are not necessarily cancelled

out completely.

Let σ2
y denote the variance of yi,t−1 and, for a given value of T , σ2

y̆b,T the variance of y̆bi,t−1, σ2
yb,T

the variance of ybi,t−1, σyyb,T the covariance between yi,t−1 and ybi,t−1 and σybỹb,T the covariance

between ybi,t−1 and ỹbi,t−1. By virtue of Qb⊥y−1 being predetermined and using straightforward

calculations, we have for N →∞ and T fixed

plim
N→∞

(
θ̂WG
⊥ − θ

)
=

1− δT
σ2
y̆b,T

σ2
α

1− θ
=

1− δT
σ2
y − δTσyyb,T

σ2
α

1− θ
, (23)

where δT = plim
N→∞

δ̂T = 1+σybỹb,T

/
σ2
yb,T . The results collected in the following Lemma are useful

to establish the asymptotic properties of θ̂WG
⊥ . All proofs are in the appendix.

Lemma 1. Under assumptions (A1)-(A3):

σ2
yb,T =

σ2
α

(1− θ)2 +
σ2
ε

(1− θ)2

1

T

T∑
t=1

1

t

(
1− 2θ

t

1− θt

1− θ2

)
=

σ2
α

(1− θ)2 +O

(
log (T )

T

)
, (24)

σyyb,T =
σ2
α

(1− θ)2 +
σ2
ε

1− θ2

1

T

T∑
t=1

1

t

1− θt

1− θ
=

σ2
α

(1− θ)2 +O

(
log T

T

)
, (25)

σybỹb,T = − θ

1 + θ

σ2
ε

(1− θ)2

1

T

T∑
t=1

1

t

(
1 + θt−1 − 2

t

1− θt

1− θ

)
= O

(
log (T )

T

)
. (26)
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Using (26) and (24), δT is given by

δT = plim
N→∞

δ̂T = 1 +
σyỹb,T
σ2
yb,T

= 1− θ

1 + θ

1
T

∑T
t=1

1
t

(
1 + θt−1 − 2

t
1−θt
1−θ

)
σ2
α

σ2
ε

+ 1
T

∑T
t=1

1
t

(
1− 2θ

t
1−θt
1−θ2

) . (27)

For large T , this inconsistency has the expansion

δT = 1 +O

(
log T

T

)
. (28)

The implication of Lemma 1 is that δ̂T differs from 1 as N → ∞ and T fixed but converges to

1 as T → ∞ regardless of the asymptotic behaviour of N (which includes N fixed). From (21)

it is clear that this implies that the WGob estimator is inconsistent for N → ∞ and T fixed but

consistent for T →∞. The exact form of the inconsistency and its large T expansion are given in

the following Theorem.

Theorem 1. As N → ∞ and T fixed, the inconsistency of the WGob estimator for θ in model

(1) under assumptions A1-A3 is given by

plim
N→∞

(
θ̂WG
⊥ − θ

)
=

θ (1− θ)AT
(1− θ) + θAT −BT +

σ2
ε

σ2
α
CT

, (29)

with AT =
1

T

T∑
t=1

1

t

(
1 + θt−1 − 2

t

1− θt

1− θ

)
,

BT =
1

T

T∑
t=1

1

t

(
1− θt

)
,

CT = (1− θ) 1

T

T∑
t=1

1

t

(
1− 2

t

1− θt

1− θ2

)
− B2

T

1 + θ
.

For large T , this inconsistency has the expansion

plim
N→∞

(
θ̂WG
⊥ − θ

)
= θ

log T

T
. (30)

By direct calculation, some more specific quantitative results implied by Theorem 1 are

(a) plim
N→∞

(
θ̂WG
⊥ − θ

)
is positive for 0 < θ < 1 and negative for −1 < θ < 0.

(b) plim
N→∞

(
θ̂WG
⊥ − θ

)
increases in

σ2
α

σ2
ε

with an upper bound given by

plim

N,
σ2α
σ2ε
→∞

(
θ̂WG
⊥ − θ

)
=

θ (1− θ)AT
(1− θ) + θAT −BT

, (31)

(c) plim
N→∞

(
θ̂WG
⊥ − θ

)
= 0 in the following cases (i) T = 2, (ii) θ = 0, (iii) θ → 1 and (iv)
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σ2
ε

/
σ2
α →∞.

(d) For small values of T the upper bound of the inconsistency is given by

plim
N→∞

(
θ̂WG
⊥ − θ

)
= 0 for T = 2, (32)

plim

N,
σ2α
σ2ε
→∞

(
θ̂WG
⊥ − θ

)
=

θ (1− θ)
4 (3− 3 /8 + θ)

for T = 3. (33)

(e) The inconsistency is O (log T /T ) such that, compared to WG, convergence is at a slower

rate as T grows large.

Comparing (29)-(33) with the asymptotic bias expressions for the WG estimator (see e.g. Nickell,

1981) shows that, over the relevant range 0 ≤ θ ≤ 1, the (upper bound of the) inconsistency of

θ̂WG
⊥ for fixed T is much smaller than that of the WG estimator. Moreover, θ̂WG

⊥ is consistent for

N → ∞ and fixed T in the specific cases where (i) T = 2, (ii) θ is either zero or tends to unity

and (iii) σ2
α

/
σ2
ε = 0. This can also be seen from (27) which shows that δT = 1 when T = 2, θ = 0

or θ → 1 such that the individual effects are cancelled out completely while for σ2
α = 0 there is no

need to eliminate individual effects. Note that in the cases where T is very small or θ is close to 1,

standard estimators like GMM and bias-corrected WG estimators are known to fail. Figure 1 plots

the upper bound of the inconsistency of the WGob estimator, calculated from (31), for various

values of θ and T . The most important conclusion from this graph is that the upper bound on the

inconsistency is negligibly small for all values of θ and T , i.e. it is never larger than 0.04. Note

that compared to the WG estimator, θ̂WG
⊥ converges at a slower rate when T → ∞. This slower

rate of convergence is due to the fact that in calculating the backward mean only information up

to time t is used, i.e. as T grows ȳbi,t−1 is not updated, while the sample mean used to construct

the WG estimator uses information up to time T .

5 Extension: inclusion of exogenous variables

Adding explanatory variables to the model in (1) yields

yit = αi + θyi,t−1 + x′itβ + εit, i = 1, . . . , N, t = 1, . . . , T, (34)

where xit = (x1it, . . . , xKit)
′

is a (K × 1) vector of explanatory variables for unit i at time period

t. We further assume:

Assumption A4.

E [xitεjs] = 0, ∀i, j, t, s, (35)

E [xitαi] = σxα, (36)
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Figure 1: Upper bound (σ2
α

/
σ2
ε → ∞) of the inconsistency of θ̂WG

⊥ for N → ∞

where σxα is a K × 1 vector.

Assumption A4 states that the variables in xit are strictly exogenous with respect to εit but

allowed to be correlated with the individual effect αi.

The most straightforward way to extend the WGob estimator defined in (18) to the case of

exogenous variables is by using the Hausman and Taylor (1981) approach. By virtue of strict

exogeneity of xit we have, next to (19), the following set of moment conditions available

E (x̃it (αi + εit)) = 0, (37)

where x̃it is xit in deviation from its individual-specific sample mean.

Remark 3. The strong advantage of the Hausman-Taylor approach is that the transformation of

the explanatory variables required to wipe out the correlation with the composite error term αi+εit

can be adjusted in terms of the alleged dependency on the individual effect, the idiosyncratic error

term or both. Moreover, next to internal instruments, when available, also external instruments

can be added. In this paper we focus on the standard case of strictly exogenous variables which

are correlated with the individual effects such that a within transformation is optimal.

Using the moment conditions in (19) and (37), the IV estimator for γ = [θ, β′]
′

in (34) is given

by

γ̂WG
⊥ = (Z ′W )

−1
Z ′y, (38)
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where W = [y−1, X] and Z =
[
Qb⊥y−1, QX

]
. Inserting (34) in (38) and letting N →∞, we have

plim
N→∞

(γ̂ − γ) = plim
N→∞

(
1

NT
Z ′W

)−1

plim
N→∞

1

NT
Z ′ (Dα+ ε) . (39)

First, by virtue of Qb⊥y−1 being predetermined and QX being exogenous we have

plim
N→∞

1

NT
Z ′ (Dα+ ε) =

 plim
N→∞

1

NT
y′−1Q

b
⊥Dα

0

 =

 (1− δT )
σ2
α+β′σxα

1−θ

0

 .
where δT = plim

N→∞
δ̂T with δ̂T as defined in (22).

Second,

(
Z ′W

NT

)−1

=

 0 0

0
(
X′QX
NT

)−1

+
1

φ

 −1

(X ′QX)
−1
X ′Qy−1

[ −1 (X ′QX)
−1
y′−1Q

b
⊥X

]
,

where

φ =
1

NT

(
y′−1Q

b
⊥y−1 − y′−1Q

b
⊥X (X ′QX)

−1
X ′Qy−1

)
=

1

NT

(
y′−1Q̃

b
⊥y−1

)
,

with Q̃b⊥ = Qb⊥

(
I −X (X ′QX)

−1
X ′Q

)
. Writing (34) in component form

yit = y0
it + x0′

itβ, y0
it = αi + θy0

i,t−1 + εit, x0
it = (1− θL)

−1
xit, (40)

with its lagged variant using stacked notation being y−1 = y0
−1 +X0

−1β, we have

plim
N→∞

1

NT

(
y′−1Q̃

b
⊥y−1

)
= plim
N→∞

1

NT

(
y0′

−1Q
b
⊥y

0
−1

)
+ β′ plim

N→∞

1

NT

(
X0′

−1Q̃
b
⊥X

0
−1

)
β,

such that (39) can be rewritten as

plim
N→∞

(
θ̂WG
⊥ − θ

)
=

(1− δT )

σ2
y̆0b,T

+ β′ plim
N→∞

1

NT

(
X0′

−1Q̃
b
⊥X

0
−1

)
β

σ2
α + β′σxα

1− θ
, (41)

plim
N→∞

(
β̂WG
⊥ − β

)
= −

(
plim
N→∞

(X ′QX)
−1
X ′Qy−1

)
plim
N→∞

(
θ̂WG
⊥ − θ

)
, (42)

where σ2
y̆0b,T = plim

N→∞

1

NT

(
y0′

−1Q
b
⊥y

0
−1

)
.

Note that the inconsistency of θ̂WG
⊥ is highly similar to the inconsistency in the case of a model

with no exogenous variables. When β = 0, the inconsistency (41) collapses to (23). When β 6= 0,

the relative importance of the individual effects and the idiosyncratic errors in xit have a similar

impact on δT as σ2
α and σ2

ε respectively. Two channels through which the inclusion of exogenous

variables tend to reduce the inconsistency are that (i) the individual effects in xit drive δT towards

11



1 but only drive up the correlation between y̆bit and αi to the degree that σxα differs from zero

and (ii) the denominator of (41) is larger than in the case of no exogenous variables.

6 Monte Carlo study of finite sample properties

6.1 Design of data generating process

Data are generated from (34) under a number of additional assumptions. First, we consider a

single explanatory variable xit which is generated as

xit = ωi + ρxi,t−1 + ξit, (43)

ωi = ηi + γαi, (44)

where |ρ| < 1, ηi ∼ N(0, σ2
η), αi ∼ N

(
0, σ2

α

)
and ξit ∼ N(0, σ2

ξ ). For, γ 6= 0 the individual effect in

xit is correlated with the individual effect in yit. The initial value xi0 is drawn from the stationary

distribution of xit which has mean (ηi + γαi) (1− ρ)
−1

and variance σ2
ξ

(
1− ρ2

)−1
. This gives

xi0 =
ηi + γαi

1− ρ
+ ξi0

(
1

1− ρ2

)1/2

.

Second, yit is generated from (34) using the data for xit and making the additional distributional

assumption εit ∼ N
(
0, σ2

ε

)
. The initial value yi0 is drawn from its stationary distribution which

has mean αi+βωi(1−ρ)−1

1−θ and variance
β2σ2

ξ(1+θρ)

(1−θρ)(1−θ2)(1−ρ2) +
σ2
ε

1−θ2 . This gives

yi0 =
αi + βωi (1− ρ)

−1

1− θ
+ βξi0

(
(1 + θρ)

(1− θρ) (1− θ2) (1− ρ2)

)1/2

+ εi0

(
1

1− θ2

)1/2

.

Third, we impose

σ2
ε = 1,

β = 1− θ,

σ2
α = µασ

2
ε (1− θ)2

, with µα > 0,

σ2
ω = µωσ

2
ξ (1− ρ)

2
, with µω > 0,

σ2
η = σ2

ω − γ2σ2
α, with γ2 ≤ σ2

ω

/
σ2
α ,

where σ2
ω = V (ωi). The first two are normalizing restrictions, setting the variance of εit and the

long-run impact of xit on yit to unity. The next two restrictions allow to control, through the

values of µα and µω, the relative impact of the disturbances εit and ξit versus the individual effects

αi and ωi on yit and xit respectively. For a given value of σ2
ω, the last restriction adjusts σ2

η over

alternative values for γ and σ2
α.

12



Finally, we calculate σ2
s

σ2
s = var

[
yit −

(
αi + βωi (1− ρ)

−1

1− θ
+ εit

)]
,

= β2 1 + θρ

(1− θρ) (1− θ2) (1− ρ2)
σ2
ξ +

θ2

1− θ2
σ2
ε , (45)

which measures the variance of the signal with respect to explaining yit contained in the within

variation of xit and yit−1 relative to the noise contained in αi, ωi and εit. Note that σ2
s varies

with, among others, θ and ρ. As Kiviet (1995) argues that varying σ2
s may significantly alter the

relative bias of the various estimators, we generate data controlling σ2
s by fixing it at some value

and adjusting σ2
ξ over alternative values of θ and ρ.2

We performed 5000 Monte Carlo replications for each of the following experiments: θ ∈
{0.4, 0.8}, ρ ∈ {0.4, 0.8}, µα ∈ {1, 5}, µω ∈ {1, 5}, σ2

s ∈ {2, 8}, γ ∈ {0, 1}, (T,N) ∈ {(5, 20) ,

(10, 20), (20, 20), (5, 100), (10, 100), (5, 500)}. A selection of the results is reported in the next

section.

6.2 Estimators

The performance of the WGob estimator is compared to 4 alternative dynamic panel data estima-

tors: (i) WG, the standard within groups estimator, (ii) WGbc, the bias-corrected WG estimator

proposed by Kiviet (1995), (iii) GMMd, the first difference GMM estimator proposed by Arellano

and Bond (1991) and (iv) GMMs, the system GMM estimator proposed by Arellano and Bover

(1995) and Blundell and Bond (1998). We opt for Kiviet’s bias-corrected WG estimator over al-

ternative, more generally applicable, bias-corrections proposed by e.g. Bun and Carree (2005) and

Everaert and Pozzi (2007) as the conditions under which it is derived are satisfied in the proposed

Monte Carlo design. To implement the WGbc estimator we use the GMMs estimator as an initial

large-N consistent estimator. For both GMM estimators we report second-step estimates. In

order to avoid an overfitting bias (see Ziliak, 1997) we restrict the number of lagged instruments

to a maximum of 3 and stack instruments when T ≥ 10 (see also Arellano, 2003, p. 170).

The estimators are compared in terms of (i) mean bias (bias), (ii) mean standard deviation

(stdv), (iii) mean estimated standard deviation (stde), (iv) root mean squared error (rmse), (v)

size and (vi) power. For both the WG and the WGbc estimator, stde is obtained from the

standard covariance matrix σ̂2
ε (W ′QW )

−1
while for the GMM estimators the corrected second-

step covariance matrix (Windmeijer, 2005; Bond and Windmeijer, 2005) is used. As the WGob

estimator leaves a particular autocorrelation structure in the error terms, we use the feasible robust

2Note that some parameter configurations are infeasible as they imply σ2
ξ < 0.
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covariance matrix given by

V̂ ar
(
γ̂WG
⊥

)
=

(
W ′Z

(
Ẑ ′ηη′Z

)−1

Z ′W

)−1

,

=

W ′Z
 N∑
i=1

 y̆b
′

i,−1
̂̆ηi

X̃ ′i
̂̃ηi

[ ̂̆η′iy̆bi,−1
̂̃η′iX̃i

]−1

Z ′W


−1

, (46)

where ̂̆η = Qb⊥η̂, ̂̃η = Qη̂ and η̂ = y −Wγ̂WG
⊥ .

6.3 Simulation results

6.3.1 Estimating θ and β

The results of the Monte Carlo experiments in terms of estimation are presented in Table 1. A

number of conclusions known from the existing literature can immediately be drawn: (i) the WG

estimator for θ is severely biased, especially when θ approaches 1, with the bias disappearing as

T grows large but not as N increases (see Nickell, 1981); (ii) the WG estimator for β is much less

biased (Kiviet, 1995); (iii) in samples with limited N and T the GMMd estimator performs poorly

both in terms of bias and dispersion when θ approaches 1 and/or when µα becomes large (see

Blundell and Bond, 1998); (iv) the GMMs estimator improves significantly on the performance of

the GMMd estimator (see Blundell and Bond, 1998) but remains biased in samples with limited

N and T especially when θ is small and µα is large (see Kiviet, 2006); (v) the WGbc estimator

outperforms the GMMs estimator in a lot of cases as it successfully succeeds in removing the

bias from the WG estimator while maintaining its relatively small dispersion, however, it remains

biased when T is small especially when both θ and µα are large (Kiviet, 1995; Judson and Owen,

1999).

Turning to the WGob estimator, it performs remarkably well in terms of bias for both θ and

β, i.e. despite a slight tendency to increase in γ and µα the bias is negligibly small in all of the

experiments. As a result the WGob estimator clearly outperforms the other estimators in terms

of bias in the cases where these estimators are (severely) biased while not being much worse in

the cases where these estimators are unbiased/consistent. The dispersion, measured by the stdv,

of the WGob is larger than that of the WG and WGbc estimators, especially when T is small,

but smaller than that of the GMM estimators in most cases. This implies that in terms of rmse,

the WGob estimator is slightly outperformed by the WGbc estimator in a number of cases, while

being significantly smaller in others, but outperforms the GMMs estimator in almost all cases,

interestingly even when N = 500.
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6.3.2 Inference on θ

Inference is based on a standard t-test for the null hypothesis θ = θ0 against the alternative

θ 6= θ0. In constructing the t-statistic we use the estimated standard deviations as defined in

section 6.2. Table 2 contains observed sizes of a two-sided t-test with a 5% nominal size. The

most important conclusion is that all estimators except WGob exhibit serious to dramatic size

distortions in at least some of the experiments. For the WG estimator, the size distortion is

dramatic in all experiments, even for T = 40 while for the WGbc estimator the size distortion is

also dramatic for N growing large with T fixed (especially for θ = 0.8 but disappears as T grows

large. Both GMM estimators show a moderate to substantial size distortion when both T and N

are small (especially when θ = 0.8) for GMMd and µα = 5 for GMMs) but improve considerably

when either T , N or both grow large. The WGob estimator clearly has superior size properties

especially in small samples, i.e. it is more or less correctly sized when T is small with only some

moderate size distortion for larger values of T when also N is large and/or µα = 5. This distortion

occurs because of the relative slow disappearance of the asymptotic bias term (for N large) of the

WGob estimator when T grows large.

To conduct a power comparison, we compute the frequency of rejecting H0 : θ = θ0 using a

5% size-corrected critical value which is obtained from the size comparison conducted previously.

Figure 2 contains power curves for the case θ = 0.8, µα = 5 for a number of different sample sizes.3

Because of the dramatic size distortions we do not report power curves for the WG estimator for

N = 100, 500. We also do not report power curves for the GMMd estimator as it is outperformed

by the GMMs estimator. The overall conclusion from these graphs is that the WGob estimator

has superior power properties. First, the WG estimator has extremely low power for all of the

considered sample sizes. Second, GMMs has better power properties but is still inferior to the

WGob estimator in all cases, even for N = 500. Finally, WGbc is the only estimator with

comparable, or even slightly better, power in the specific cases where T grows large. However, it

has (extremely) low power for small values of T especially when N grows large.

3Results for the other cases are qualitatively comparable. They are available on request.
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Table 2: Observed sizes (in percentages) of a two-sided t-statistic for testing the null hypothesis θ = θ0
against the alternative θ 6= θ0 using a 5% nominal size

T 5 10 20 5 10 5 5 10 20 5 10 5
N 20 20 20 100 100 500 20 20 20 100 100 500

Experiment 1: ρ = 0.4, σ2
s = 2.0, µα = 1.0, µω = 1.0, γ = 0.0

θ = 0.4 θ = 0.8

WG 44.0 28.1 16.2 98.4 87.2 100.0 97.6 94.5 81.4 100.0 100.0 100.0
WGbc 5.9 6.5 5.6 7.9 5.9 9.7 15.3 13.0 10.7 46.4 23.4 94.3
Wgob 8.4 8.6 8.5 6.3 6.4 8.9 9.4 8.6 8.8 6.4 6.4 6.2
GMMd 11.6 7.7 7.5 6.5 5.4 4.2 34.3 7.4 7.6 11.8 5.1 5.3
GMMs 12.7 8.4 8.5 6.7 5.7 5.4 8.6 9.3 8.2 6.6 5.4 6.9

Experiment 2: ρ = 0.4, σ2
s = 2.0, µα = 1.0, µω = 1.0, γ = 1.0

θ = 0.4 θ = 0.8

WG 44.0 28.1 16.2 98.4 87.2 100.0 97.6 94.5 81.4 100.0 100.0 100.0
WGbc 5.8 6.6 5.5 7.7 5.9 9.6 14.8 13.0 10.6 45.6 23.8 94.3
Wgob 8.3 8.7 9.4 6.7 8.6 11.4 9.4 8.7 9.0 6.4 6.5 6.4
GMMd 11.5 7.7 7.6 6.9 5.6 4.6 34.3 7.3 7.4 12.0 5.2 5.5
GMMs 19.0 9.3 8.6 8.7 6.0 5.7 8.2 9.2 8.3 6.8 5.5 7.0

Experiment 3: ρ = 0.8, σ2
s = 2.0, µα = 1.0, µω = 1.0, γ = 1.0

θ = 0.4 θ = 0.8

WG 63.1 39.3 22.4 99.9 96.6 100.0 98.2 95.8 83.7 100.0 100.0 100.0
WGbc 6.5 7.6 6.1 9.9 6.9 13.5 18.1 13.4 11.4 48.6 24.4 97.2
Wgob 8.0 9.0 9.6 6.3 9.5 9.8 8.9 8.1 8.5 6.0 6.4 6.0
GMMd 14.0 7.8 7.8 6.9 5.3 5.6 35.4 7.8 7.7 12.3 5.2 6.2
GMMs 10.5 9.4 8.6 9.9 6.5 7.0 8.2 8.9 7.6 6.3 5.6 5.7

Experiment 4: ρ = 0.4, σ2
s = 2.0, µα = 5.0, µω = 1.0, γ = 1.0

θ = 0.4 θ = 0.8

WG 44.0 28.1 16.2 98.4 87.2 100.0 97.6 94.5 81.4 100.0 100.0 100.0
WGbc 5.3 6.5 5.4 8.8 5.8 9.4 9.2 12.3 10.6 38.1 22.6 94.8
Wgob 8.2 10.4 12.1 8.8 18.0 22.3 9.5 9.3 10.2 6.7 8.9 8.0
GMMd 11.5 7.4 7.2 6.5 5.3 5.3 36.9 7.1 7.6 13.8 5.0 7.0
GMMs 65.9 12.5 9.3 24.7 6.4 7.9 21.6 10.6 8.8 14.2 6.0 7.9

Experiment 5: ρ = 0.4, σ2
s = 2.0, µα = 1.0, µω = 5.0, γ = 1.0

θ = 0.4 θ = 0.8

WG 44.0 28.1 16.2 98.4 87.2 100.0 97.6 94.5 81.4 100.0 100.0 100.0
WGbc 5.7 6.5 5.7 7.5 5.9 9.5 15.0 13.0 10.6 46.4 23.4 94.4
Wgob 8.3 8.2 7.7 6.1 5.8 8.0 9.2 8.7 8.3 6.1 5.9 6.4
GMMd 11.4 7.6 7.2 6.5 5.7 4.5 34.3 7.2 7.1 11.9 5.3 5.6
GMMs 13.0 8.0 8.6 7.8 6.1 6.1 7.3 9.2 8.0 6.3 5.0 6.8

Experiment 6: ρ = 0.4, σ2
s = 8.0, µα = 1.0, µω = 1.0, γ = 1.0

θ = 0.4 θ = 0.8

WG 19.3 12.8 8.9 69.6 45.1 100.0 70.7 56.8 37.9 100.0 99.8 100.0
WGbc 4.7 5.2 5.2 5.5 5.0 5.8 5.0 7.5 7.2 10.2 8.3 28.5
Wgob 8.5 8.3 8.3 6.4 7.0 8.6 8.4 8.5 8.4 6.1 5.4 6.8
GMMd 9.7 7.8 7.6 6.1 5.3 4.8 14.5 7.5 7.5 7.3 5.0 4.8
GMMs 12.5 8.1 8.6 7.1 5.7 5.7 7.4 7.2 7.8 5.3 4.9 4.8
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Figure 2: Size-corrected power curves of a two-sided t-statistic for testing the null hypothesis θ = θ0
against the alternative θ 6= θ0 for the case θ = 0.8, µα = 5

(a) T = 5, N = 20 (b) T = 10, N = 20

(c) T = 20, N = 20 (d) T = 5, N = 100

(e) T = 10, N = 100 (f) T = 5, N = 500
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7 Conclusion

Dynamic panel data models are typically estimated using GMM. These instrumental variables

estimators may exhibit serious small sample biases and/or relatively large standard deviations,

especially in case of weak instruments. Bias-corrected WG estimators perform remarkably better

in many cases, but the remaining bias may still be substantial when T is relatively small. Moreover,

they are not always that straightforward to implement. In this paper, we retain a within-type

of transformation but remove the individual effect from the lagged dependent variable by taking

orthogonal deviations from its individual backward mean instead of from its individual sample

mean. In the Hausman-Taylor approach, this transformed lagged dependent variable can be used

as an instrument for the lagged dependent variable in the original model while for additional

explanatory variables instruments can be selected depending on their alleged correlation with the

individual effects and the idiosyncratic error term. This alternative estimator, referred to as WGob,

is consistent for T → ∞ but inconsistent for N → ∞. However, the inconsistency is shown to

be negligibly small. Moreover, a Monte Carlo simulation shows that this estimator is surprisingly

accurate in comparison to established estimators. It considerably outperforms standard estimators

in terms of bias, dispersion and inference in the cases where these estimators are know to fail,

while not performing much worse in all other cases.
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Appendices

Appendix A Proofs

Proof of Lemma 1. First note that by continuous substitution and using assumptions (A1)-(A3),

we have from (1)

yi,t−1 =
αi

1− θ
+

∞∑
j=0

θjεi,t−j−1, (A-1)

ȳbi,t−1 =
αi

1− θ
+

1

t

t∑
s=1

∞∑
j=0

θjεi,s−j−1. (A-2)

Next, let wi,t−1 be the homogeneous AR(1) process

wi,t−1 = yi,t−1 −
αi

1− θ
, (A-3)

with corresponding vectors w−1 =
(
w′1,−1, . . . , w

′
N,−1

)′
and wi,−1 = (wi0, . . . , wi,T−1)

′
such that

M b
Twi = w̄bi and QbTwi = w̃bi = ỹbi .

Proof of (24): Letting ι1t be a T × 1 vector with the (s)th element being 1 for s ≤ t and 0

otherwise, such that ybi,t−1 = 1
t ι
′
1tyi,−1, we have

σ2
yb,T = E

(
ȳb
′

−1ȳ
b
−1

NT

)
=

1

T
E
(
ȳb
′

i,−1ȳ
b
i,−1

)
=

1

T

T∑
t=1

1

t2
ι′1tE

(
yi,−1y

′
i,−1

)
ι1t,

=
1

T

T∑
t=1

1

t2
ι′1t

(
σ2
α

(1− θ)2 ιT ι
′
T +

σ2
ε

1− θ2
ΣT

)
ι1t,

=
σ2
α

(1− θ)2 +
σ2
ε

(1− θ)2

T∑
t=1

1

t

(
1− 2θ

t

1− θt

1− θ2

)
=

σ2
α

(1− θ)2 +O

(
log T

T

)
, (A-4)

where ΣT is a T × T symmetric matrix with the (t, s)th element being θ|t−s|. The order of

approximation is obtained from using

lim
T→∞

T∑
t=1

1

t
= γ + ln (T ) , lim

T→∞

T∑
t=1

θt

t
= −ln (1− θ) , lim

T→∞

T∑
t=1

1

t2
=
π2

6
, (A-5)

with γ being the Euler-Mascheroni constant and from noting that the dilogarithm

lim
T→∞

T∑
t=1

θt
/
t2 ≡ Li2 (θ) , (A-6)

cannot be evaluated in closed form for all values of θ but is convergent for the relevant range

−1 < θ < 1.

Proof of (25): Letting ιt be a T × 1 vector with the (t)th element being 1 and 0 otherwise,
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such that wi,t−1 = ι′twi,−1, we have from the definition of wi,t
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Proof of (26): From the definition of wi,t we have
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Proof of Theorem 1. Using the results in Lemma 1, the inconsistency of the WGob estimator

in (23) can be written as

plim
N→∞
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The approximation in (30) follows from AT , BT and CT being O
(

log T
T

)
.
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